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CYCLES AND HARMONIC FORMS 
ON LOCALLY SYMMETRIC SPACES 

BY 

JOHN J. MILLSON 

Abstract. Two constructions of cohomology classes tor ^i>n;jriicnce 
subgroups of unit groups of quadratic foims over totally rcul number fields 
are given and shown to coincide. One is geometric, using cycles, md tiie 
oihcr IS .inalMK . iisini: ihc oscillator (Weil) icpfeaentalion. Considerable 
background material on this representation is given. 

0. Introduction. This paper is a considerably expanded version ol the Coxeter- 
James Lecture which I dchvered at the Canadian Mathematical Congress in Victoria. 
British Columbia on December 12, 1981. The main theme of the paper is the equality 
betwem the hannonic fonns arising as the Poincarfi duals of totally geodesic cycles for 
cotain locally symmetric spaces and die harmonic forms on these same spaces con- 
stnicled via die oscillator (or Weil) representation. This relationship is precisely stated 
(in the orttiogonal case) in the Main Theoiem - Chapter lU, Section 2. 1 also tried to 
present foundational material concerning the oscillator representation and theta 
functions and particularly the splitting of the meti^lectic extoision in a nKMne invariant 
way than usual. 

There are three chapters in the paper. The lirst chapter piesents the cycles — 
gcnerali/ations of a closed geodesic tor the Poincare metric on a Riemann surface of 
genus greater than 1 . 

The second chiqpter deals with the oscilkitor representation and die functional equa- 
tion of the theta function. I prove that if (2 is a non-degenerate quadratic form ova* Z /2, 
Tq is the group of intend synq>lectic matrices which when reduced modulo 2 give 
isometries (rf Q and is die metaplectic extension then diere is a theta multiplier 
titg-* Q/Z. By this I mean that for each Q there exists a tempered distribution 8 
on R" so that for all 7 E f\,: (0(7 )(^ = e(-y)~'0 where 10 is the oscillator KfXtesentation. 
W and e depend on Q. In fact. Dennis Johnson and I have proved that the commutator 
quotient of 1',, is Z/X (assuming that Q is a torm in 6 or more variables) and con- 
sequently 6 takes values in the Sth roots ot unit\ This result combined with the remarks 
at the end of Chapter il. Section 3, gives an explanation for the presence of 8th roots 
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of unity in the transformation law for the classical theta function (considered as a 
function of the period matrix). Indeed, in case 0 is the split form, c is the usual theta 
multipUa'. In this case 1 show tfiat c becomes trivial over the principal congruence 
subgroup of level 4, Theorem 11.3.2, by using the usual Sternberg relations. In case Q 
is the anisotropic form in 2 variables, then Tq = SLziZ) and €:SL2(Z) — » Z/24 is the 
multiplier for the Dedekind eta function. 

The third chapter is an exposition of joint work with S. Kudla. In this chapter, the 
cohomology classes associated by Poincare duality to the special cycles ol the first 
chapter are related to harmonic forms constructed from the theory of the oscillator 
representation developed in the second chapter. 

in the first section of Chapter 111, 1 construct a theta correspondence or lifting from 
Siegel modular forms to harmonic forms on locally symmetric spaces of orthogonal 
groups. This corrrespondence is realized by an integral transform. The kennel of this 
transform is cmistiucted firom a system of Schwartz functions obtained nppfy'mg an 
qpnalor, ^neralizing the extericH- derivative, to die Gaussian. This oporattM', called the 
Howe operator in [9] (its formula was suggested by Roger Howe), has many renuukable 
properties and merits further study. 

In the second section of Chapter III. I prove the equality of the two spaces of forms 
referred to in the paragraph above. The key inizredient in the pvooi is a formula relating 
peritxls of forms on locally symmetric spaces of orthogonal groups to Fourier coeffi- 
cients of the Siegel modular forms obtained by applying to them the adjoint of the lifting 
constructed above. I his formula, denoted (S) in this paper, is the analogue of the main 
formulas of Hurzebroch-Zagier [4j and Shintani [ 1 8j. It is proved in the last sectimi of 
this paper. 

My results with Kudla together with die recent injectivity results of Rallis [17] hold 
out the possibility of computing the dimensions of many cohomology groups of orthog- 
onal, unitary and quatonion unitary locally symmetric spaces in terms of spaces of 
"classical" modular forms in certain tube domains. What remains to be done is to prove 
surjectivity of our lifting in some cases. This seems to be a very difficult problem but 
it is perhaps within reach of the ptnserful new techniques of representation theory. 

To conclude, it uould appear that the results and methcxis of this paper generalize 
to finite volume quotients ot orthogonal symmetric spaces. Since this is rather sur- 
prising I will now sketch how this goes. 

The lifting kernel 0, is a closed nq form ui the orthogonal variable so the lift nu^ 
into closed haimonic nq forms and accoidingly into the absdute cohonnology of degree 
nq. The statement and proof of the Mam Theorem must now be modified to use 
Poincare duality oa a non-compact manifold. We now use the pairing, again denoted 
[ , ], between nq forms with arbitrary support and compactly supported (p — n)q 
forms given by {M denotes the locally symmetric space): 



Now define the Siegel modular form 6,(i)) for r\ compactly-supported of degree 
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(j> - n)q9& [t),0,]. One finds easily that: 

where the inner produet on the lelt is the Peterssun inner product on .S',„ -(I"). Now 
consider the tbilowing two subspaces ot the cohoniology of degree {p - n>q with 
compact supports. The first, is the space of all classes of closed compactly 
supported (p - n)i\ forms which are orthogonal under [ , J to the image of 5„/2(r'). 
The second, H^^^^, is the space of all classes of closed compactly supported (p - n)q 
forms with period zero over all the special cycles Q of positive type (see the discussion 
preceding the Main ThetHem). Then it follows immediately from a suitable ^ner- 
alization of the formula (S) that: 

u = 

n H cycle 

Then, by Poincare duality, the subspace of the absolute cohomology of degree nq 
spanned by the Poincare duals of special cycles of positive type coincides with the space 
of lifts. 

1 would like to dedicate this paper, a summary of a number of years work, to my 
parents. 1 would like to e^^ess my gratitude to my collabwator» Steve Kudla, for a 
considerable amount of help with Chapter III. 1 would like to tfiank Dennis Johnson and 
Bill Dwyer for helpful omversations concemuig Chapter II. They made me aware of 
the significance of quadratic forms overZ/2 and the groups Tq. Finally, I have profited 
greatly from tfie ideas of Roger Howe. 

I. Special cycles in locally symmetric spaces 

I . Locally symmetric spaces. A Riemannian manifold D is a symmetric space if for 
each v in D there is an isometry 6 of D having x as an isolated fixed-point. From this 
definition it follows that D is homogeneous, so D = G/K with G the group of 
isometrics of D. We assume that C is a non-conipact seini-siniple Lie group {and K a 
maximal compact subgroup). Then D is contractiblc and has infinite volume. 

A Riemannian manitbld M is a locally symmetric space if its universal cover is a 
synunetric space. From diis definition, it folk>ws durt M is the quotient of D by a 
discrete subgroiq) FCC acting properly discontinuously on D. Thus we may represent 
Af as a double coset space M = r\G/K. The manifold M is a space of type KiT, 1) 
and consequentiy oat has: 

(1.1.1) H*{M;R) = H*ir,U) 

(1.1.2) H*(MiV) = H*(r;V) 

where V is an IR(r)-module, V is the associated local coefficient system and the 
right-hand side of (1. 1 . 1) and (1. 1 .2) are abstract group cohomoklgy groqn. 

To give some examples of the type of symmetric and locally symmetric spaces we 
are considering, we note that they include the hyperbolic plane and its quotients, the 
Riemann surfaces of genus greater than 1 equipped with the Poincare metric. Hyper- 
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bolic space and its quotients give one generalization of these fundamental examples. 
Anodier genenUization is the Siege! space and its quotient by Sp„(Z) which we now 
describe because it will play an important role in what follows. 

We define the synq)lectic group 5p.(R) to be the isometry group of the standard 
skew-symmetric form on U-": that is. the form ( . ) satisfying (e,^ff) = 8;^ where 

{^1 f„,/i /,} is the standard basis for U'". We define an almost complex 

structure to be positive definite if the bilinear form B on U'" defined by B(x,y) = 
(x.Jy) is syninietne antl positive definite. Then the space D of positive definite 
complex structures on 'H'" is the symmetric space for .S7>„( R ). Note that B is symmetric 
if and only if 7 G SpjU). From this it is cas\ to prove that .S7)„(!R) acts transitively 
on D. Moreover the isotropy group of the complex structure 7,, defined by Jo(ej) = fj, 
Mfj) = -fy is 5p,(R) n 0(2/1), a maximal compact subgroup of Sp„(U) isomorphic 
to U(n). The quotient of D by 5p«(Z), the group of integral matrices in 5p,(R), is a 
veiy in^NMtant ^Mce — ttie moduli space for principally polarized abelian varieties. 
Anodier model for die previous symmetric space is die Siegel space ^« of n by n 
conqplex symmetric matrices t = + iv with imaginary part v positive defmite. The 
complex sinictureio corresponds to the matrix where /„ is the n by n identity matrix. 

Other generalizations of the hyperbolic plane come from the symmetric spaces of the 
orthogonal groups. Let V be an n dimensional real vector space with a quadratic form 
( . ) of signature [p.tf). Let /) be the open submanifold of the Grassmannian G,,(IR) 
consisting of the negative ^-planes; that is, ^-planes Z such that the restriction of ( . ) 
to Z is negative definite. Then D is a symmetric space and 0(p, the orthogonal group 
of ( , ) acts transitively on D. To each negative ^pkuie Z we may associate the 
involution rz which is - 1 on Z and + 1 on Z-*- the positive definite quadratic form ( , )z 
on V defined by: 

(//, v)/ = (r^u. v). 

The form ( . )/ is said to be a Hermite maj(Hant for ( , ). The subspace m of all 
positive definite forms on V defined by: 

m = {( , h'.ZeD] 

is called the space of Hermite majorants of ( , ). A positive definite form R is 'mm if 
and only if it majorizes ( , ); diat is it satisfies Rix, x) ^ |(jr,jr)| for all jc and it is 
minimal among all majorants. The ictentification of D and m is at die heart of Siegel's 
work on diela functions of indefinite quadratic forms. 

We now describe in some detail the most general examples considered in [9]. Our 
later construction of harmonic forms via the Weil representation will apply to these 
examples. Let IF represent either the real numbers U, the complex numbers C or the 
Hamilton quaternions H. Let i be the iinolution of F which is respectively the identity, 
complex conjugation or quatern ionic conjugation. Let ( , ) be a hermitian (relative 
to L) form on F " of signature (p. v); hence ( , ) maps F'" X F" to F and satisfies for 
x,y,zE ¥" and c € F: 
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(0 (jc + y,r) = (jc,z) + (y.r) 

(«) {x,yc) = ix,y)c 
(«0 = i(c)(jc,y) 

(rv) (y,x) = i((x,y)). 



As in the previous example, let D be the e)pen subnianifold ot the ( irassnumnian 
G,([F) consisting of all negative </-planes; that is, ^-planes Z such that the restriction 
of ( , ) to Z is negative definite. Then D is a symmetric space and the group G of 
iMOidries of ( , ) acts transitively on D. To obtain compact quotients <tf D one must 
iqpeat tfie above constiuction taking F to be respectively a real quadratic field x = 
Q(Vn), a totally imaginary extension <^x. We require ( , ) Id be x-valued and to be 
of signature (p, 9) at me completion of x and positive definite at the otfier. For 
example one might take the fdlowing forms m the diree cases: 

(i) jr; + ... + x;-\^(jcj,, + ... + xi) 

(H) l-'iP + ... + |z,|- + V^(\z,n\' + ... + kP) 

(mO kiP + . . . + \q^^ - v^(k,*iP + . . . + 

Then we choose for F a subgroup of finite index in die (algdxaic) iiHegral isometries 
of( , ). Then rCG,Af = r\D will always be compact and iff contains no elements 
of finite ordctM will be a manifold. For more details see Boid [1]. We will call diese 
examples, the banc exaiiq>les. 

2. Dilftwtlil fDHM OB a aywMtrif apace. In this section we give convenient 
repre sen t a tions of differential forms, die exterior derivative and die Hodge L44>hKian 
00 a kx»lly symmetric space. Choose a maximal compact subgroiq) of G (or a point 
on O). Let g be the Lie algefan of G, i die Lie algebia of IT and p die orthogonal 

complement of / for ( , ) the Killing form of ^<^. Then the left invariant distriblttion on 

G defined by p is the horizontal distribution tor the Rieniannian connection on M. To 
be quite precise we should say that the frame bundle of A/ reduces as a bundle with 
connection to the bundle /? : r\G — » r\G ,/ K with the connection described above. 
Let {(1),} be a basis for the left-invariant horizontal forms (elements of p*. the dual 
of p). If T) is a A-form on r\G/K then p*-(] may be written in terms of w,, A w,, A 

. . . A for /| < i2 < . . . < /* according to p*Ti = X //<«>/ (here / is a multi-index). 

Then the system of fimctions {/,} gives an dement <n € (C*(r\C) ® A'p*)'. That 
is, ri satisfies: 

(L2.1) Myg) = ^ig) 

(1.2.2) r\(gk) = (T(k-')i]{i;) 

where a is the natural action of K on jVp*. Conversely, every element {/;} G 
(C''(r\G) ® A''p*)^ gives rise to a p-form on M satisfying p*7\ - y/U)y. An 
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identical situatiofi holds for sections of any liomogeneous bundle E„ defined by a 
representation a of K, 

We now record how tiie exteriw derivative </ and the Hodge Laplacian A carry over 
to this repfcsentation of a differential form. Let {E,} be a basis for the left invariant 
vector fields which is dual to {lO/}. Then: 



where /Kcd,): A'';?* -* A'" 'p* is the ()peratt)r ol exterior multiplication by w,. 
Let = 1, . . . , /i} be a basis for / satisfying {.x,,x,) = and {Y^:j = 1, 

m n 

. . . , m} an orthogonal basis iox p. Then C = - ^ Yj + ^ X^is second order 

differential operator <mi G which commutes with ttie left and right actions of G. Hence 
C induces an operator on (C"(r\G) 0 K'p*)'^ and we have: 

(1.2.3) Af) = (C®/)fi (Kuga s Lemma). 

Finally we will need a formula in terms of rj for the period of a differential />-form 

f] over a />-dimensional sub-symmetric space FiXG, / K^ C V\G / K. Let ;J| C p 
be the complement to /| in <^'|. Choose an orthonormal basis for p* so that the first p 

basis vectors to,, tu^ o),, form an oriented orthonormal basis for p*. Then p*x\ = 

i 1)1(0/. Let /o be the multi-index {1,2,...,/?}. Then we have: 



3. The cohomology of locally atyiiiiiietric spaces. We begin our study (rf co* 
homology by noliQg that every form on D whidi is invariant under G is harmonic by 
L2.3. Thus any non-zero invariant form represents a non-zero cohomology class in M 
= r\D. Matsushima, Osaka Journal. 1962, proved that the cohomology of "low 
degree" relative the dimension of M consists entirely of such classes. Thanks to recent 
v\ork of Borel-Wallach [2J and Zuckerman [21] we now know that H'(M, U) consists 
entirely of such classes provided i is less than an important geometric invariant r of D 
known as the rank — die dimension of a maximal isometrically embedded totally 
geodesic flat tonis. For many (but not all) D there are conqnct quotients M - r\D 
and classes in H'(r\D; R) which are not represented by invariant forms. The con- 
struction of some sudi classes is the subject of die next section. 

4. Special cycles in locally symnetric spaces. Let ir : D -» r\D be the projection 
nuq> in what follows. L^ ori be an isometry of ofder 2 so diat viTui = F and let Dx 
be the fixed-point set of Vi in D. Let Af i = ir(D|). Then we say Af| is a specml cycle 
ui r\0. We first note a very useful tenuna which niakes qiecial cycles pleasant to deal 
widi. Let Ti = {7 e r:a,7ai = 7}. 

Lemma 1.4.1, (Harris Jaffiee). IfT is torsion free than ir(D|) = r,\Df. 

Proof. Suppose x and y in D| have the same image under ir. Then there exists -y £ 



flfTi = 2E,®A(a),)-fi 



(L2.4) 
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r so that yx - y. Then t - y '"'iTtJ'i is an clement of V fixing x. ConseijuenUy t is 
the identity and 7 E Fi. With this the Jaffee lemma is proved. 

Corollary. A#| is itself a locally symmetric space Mi — ri\Gt/Kt where G| 
{resp. Ki) is the centralizer afiT\inG {resp. K). 

We now make a conjecture which Ra^unalhan and 1 proved in many cases. 

CoNJECTURt. For ai, i" as above there exists a subgroup 1 ' ol finite index in f so 
that it' (D,) is not a boundary (here ir' = D r'\D is the projection). 

The conjecture seems a reasonable one for several reasons. First, it is consistent with 
all known vanishing theorems. Second, it has been proved in a large number of cases. 
Hnally evoy special cycle comes with a comfrfementary qiecial cycle as we now 
explain. We assume there exist pcrints on D|, to be called rational points, so diat tiie 
associated Cartan involutions B have the property tfiat OFO n F has finite index in F. 
This is always the case for the basic examples. 

Lemma 1.4.2. (Millsm-Raghunadian [13]). Every special cycle has a c<m- 
plemeiuary special cycle. 

Proof. Choose a rational point xWy . Then the reflection 6 at jc has the property that 
OFO n F has finite index in F. We consider die isometiy = We note o-| - 
OaiOo-| fixes x and die tangent qiace to D at jr. Hence 1T2 is an involution and 
CTiFai n F has finite index m F. By refrfacmg F by a subgroqxrf finite index in F we 
may assume 0 and normalize F. Consequoitly, if Di denotes the fixed-point set of 
<T2 in D then M2 = triDi) is compact. Clearly it has dimension complementary to that 
of Mi and the lemma is proved. 

We remark that D, and D. intersect only at r. However. A/| aadMz can have many 
intersections corresponding to yeV so that yD^ D D; ^ 0. 

In [13], Raghunathan and I studied the intersection number of M| and A/;. We were 
able to prove in many cases that it was non-zero. We also proved that if the intersection 
number was non-zero then diere was a finite cover of J# ao tint the Poincar6 dual of 
any com p onent of the inverse image oi hi% oouki not be rqKeseitted by an invariant 
form. 

5. Linear cycles in the basic examples. For the basic examples, the special cycles 
have a geometric intopretation in tenns of die linear structure of the Grassmannian 
which makes them appear to be the analogue of certain Schubert cycles. 

We dioose a x-rational orthogonal splitting F* - X SX^ wbereX has F ^mension 
k and stgnamie (r,«) at die uidefinile completion of ( , ). Thus has F dimension 
H — k and signature ip — r,q — s). Let ai be the involution which has + 1 eigenspace 
equal to X and - 1 eigenspace equal to X\ Then D| is the set of negative ^-irianesZ 
which are compatible with the above splitting in the sense that 
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We will denote this subspace Dx- To get the complementary cycle choose a rational 
9-plane Zo in D. Then we have a splitting F" = Z;, 8 Zq and 6, the reflection at Zu is 
represented by the linear transformation which is + 1 on 21} and - 1 on Zo . We Hnd that 
D2 is the set of negative 9-planes compatible widi the splitting F" = C/ $ {/-'- where 
U = X nZo + X"^ n aadU^ = X nz^ + X"^ nZo. Note that the above 
decomposition of F" is just the eigenspace decomposition of F" relative to aj = Otr,. 
The real dimension of D is pq, 2pq or 4pq in three cases and the dimension of D, is 
rs + (p - r)iq - 2[rj + (p - r)(^ - s)] or 4[rf + (p - r)(^ - s)] in the three 
cases. 

The most important special case ot the above construction is the case in which X is 
positive definite. In this case Z D X ^ {0} and consequently D| - {Z E D :Z C X^}. 
We will say cycles obtained from sudi X have positive type, if X is negative defmite 
we say D| has negative type. Finally we will say other cycles (where X is indefinite) 
have mixed type. We will often write Dx for Dj and Cx for ir(Dx). In case X is positive 
and X is a ^NUining set for X, we will write Dj, and Cj in plaro of Dx and Cx. 

The considerable diff«ence between the cycles of pure type and of mixed type is 
illustrated in tfie case G = SOO-, 2). Then D is a product of two hyperbolic planes. The 
cycles of pure type give rise to algebraic curves - Hirzebruch-Zagier cycles [4], 
whereas those of mixed type give rise to totally real tori. They are transcendental cycles 
and have been used by Oda fl5]. 

In case F = IR and A' is a positive I dimensional space then D\ is the set of all negative 
^-planes perpendicular to a fixed line. If q is even, then Millson-Raghunathan [13j 
proved tint there are uniform F C 9) so that the cycles My and h4i had non-zero 
intersection number. Consequently there is a class in /f*(r\D;R) which is not 
represented by an invariairt form. Since die rank of D is 9, this implies diat the 
Borel-WaUach, Zuckerman theorem is best possible for orthogonal groups of even 
rank. For subgroups of 0(n, 1) there is a very simple geometric aigument proving that 
H\T\DM) ^ {0} - see Millson [I2j. By Rallis [17], we now know that the 
B(xel-Wallach, Zuckerman theorem is best possible for all orthogonal groups. 

II. The oscfllator reprcseDtetioii and theta ftmctioiis 

i. ThecKhtepceof thewirilhitwrqwreseiitation. Let W be a vector space over R 
of dimension 2n and let < , ) by a symplectic form on H^. Define the Heisenbng group 
H{W) by: 

H{W) = W X 5' as a set 

and has group law 

Thus H(W) is a group extension HiYf)-* W whose characteristic class is 
represented r^itive die above product decomposition by the cocyle: 
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Let X be the identity character of S' and X = 2irf (it is convenient to retain A as a 
p a rameter ) . Then we have the famous theorem: 

Stone-von Neumann theorem. There is one and only one equivalence class of irre- 
ducible unitary representations oJHiW) with central character x- 

We will denote this class by p^. We now give a realization of p^. Let f be a 

Lagrangian. i.e. maximal isotropic, subspace of W. We consider the abeiian subgroup 
N = F X o\ Hi W). We extend x to a character of ,V by making it trivial on F. Then 
ind""*^'x ^ unitary representation of 77 ( VV ). By definition the space of this represent- 
ation is the space of functions 4> on VV) satisfying: 

(i) 4>(jcii) = x(«r'*u) 

(iO lop is square integrable on H{ W)/N 

We denote the space of such functions 4> by W(f ). Then A/( VV) acts on W(F) by left 
translation. The following theorem is [Mx>ved in Uon-Vergne [11], page 19. 

Theorem U.l.i W{F) is irreducibU. 

Remark. W{F) is called the Sctartdinger model of p,. Let £ be a Ltgrangian 

complement to F. 

Clearly any function in W(F) is determined by its natriction to £ and any square 
integrable function on E may be extended in exactly one way to an element of W(F). 
We may accordingly realize the Schrddinger model on L'{E) with HiW) acting by 
twisted translations; that is, if (p E L'{E) then: 

Px(y)9ix) = e^<''>«|»(jr) foryeF 
p^(ACb)<p(x) » (p(x - jq,) forio E £ 

Px(0<pU) = '«PU) 

We choose a symplectic basis {^1,^2, ■ ■ ■ ,e^;fi,f,} for W compatible with the 

splitting W = £ ® F. We define coordinates (q\,q2 q„^P\>Pi p„)onW dual 

to the inevious basis. The infinitesmal action of the Lie algebra of //(VV) is then given 
by: 

^P.(..) = 
<iPx(Ti) = Kl 

where we have written the Lie algebra n of the Heisenberg group as W ® Rt]. 

Let .S7>( VV) be the isometry group of ( . ). The action •(»•./) = /) for G 

Sp{W) and ( vv, t)EH{ W) embeds Sp( VV) into the automorphism group oiH{W). We 
will identify Sp{W) with Sp„{M) using the above basis. 
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We choose a realization for the space of . Since Sp( W) acts on H( W) we obtain 

anew representation on for each {> E Sp{W) defined by p*(^) = p^(gih)). But 
Sp(W) leaves the center ot /Yl U ) tixcd. consequently, the central characters of and 
p^ are the same. Then by the Stone- von Neumann theorem there is a unitary operator 
a)jj(^) satisfying: 

a),(.ij)p,(yi)a)xU) ' = ii^(g(h)). 

The mapping g — > (a^ig) is easily seen to be a projective representation of SpiW): that 
is. it is a homomorphism into the unitary group nnodulo scalais which we denote 
PU(H^). Then we have the following diagram: 

s' i^s' 

_i i 

i i 
Sp(W) ^PUiH,) 

where ^(W) is the "pull-bade" extension under (o^ of the natural extension of PU(Hji). 

Let SpiW) denote the commutator subgroup of Sp(W). Since Sp{W) is pnfect we 
have a surjective mailing ir: SpiW) SpiW). 

Lemma 11. 1 . 1 . TTu kernel of iris finite. 

PRcxjh : Let / be the Lie algebra of the circle, sp (resp. sp) the Lie algebra of Sp( W) 
(resp. Sp(W)). Then we have l-^ sp ^ sp. Since sp is simple, this extension splits 
and since / is one dimensional and sp has no characters the action of sp on / is trivial. 
Thus sp = sp 0 / and ir is an isomorj^ism of Lie algebras. Thus the kernel of ir is 
a discrete subgroup of 5' and consequently is finite. 

We now examine man closely the infinitesimal oscillator representation d<a^: sp —* 
End H^. The algebra sp acts on «, the Lie algebra o{H(W), by differentiating the acticm 
of SpiW) on HW). We write this action as [x, y] for x E. sp^ y S n. 

Lemma If. 1.2. dta^ is the unique Lie algebra homomorphism taking sp —*■ End 
and saH^ing: 

df>^([x, y]) = [di>i^(x). </pv( y)] for all x G sp^ y G n. 

Proof: By the previous analysis Joj^ satisfies the above identity. If T is any other 
homomorphism then Jco^ - T must be a scalar homorphisin as Jp^ is irreducible. But 
sp is equal to its commutator sublagcbra and the lemma is proved. 

Now let A be the kernel of ir. Then we have: 



5' .5' 



i _i i 
SpiW) SpiW) ^ u 

i i i 

SpiW) SpiW) -* PU 
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Thus. (i>x lifts to a linear representation of Sp{W). 

We now wish to determine A. For any finite subgioup A C 5' we will say the 
extension 5' — ► Sp{W) SpiW) is reducible to A if there is a group Sp(W) so that 
the diagram * holds. The following two lemmas allow us to study the same problem 
for the extension induced over any subgroup H C Sp(W) [nx)vided iri(//) miqps onto 
tfiiSpiW)). 

Lemma II. 1 .3. The extensions^ -*■ Sp(W) is reducible to A if and only if the quotient 
extension S'/A ^ 5p(W)/A Sp(W) is trivial. 

Proof. We denote the two maps In the diagram^* by i:Sp(W) — ► Sp(W) and 
p :Sp{W) Sp(W)/£i. if Sp(W) exists then p <> iifpiW)) splits the above extension 
and if o is a section then defining SpiW) = p~\a(Sp(W))) gives the diagram *. 

Lemma 11.1.4. Lei G he a subgroup satisfying Vi(G)—* TT|(5p(W)) is onto. Then 
the restriction ofS^ —* Sp{ W)-> Spi W) to G reduces to A if and <mfy the origintd 
extension S' SpiW) SpiW) reduces to A. 

Proof: We have a diagram: 

S'/A^ 57A 

J _ 1 
G/A-^5p(W)/A 

4 4 
G SpiW) 

Since iri (G) maps onto iti (5p( W)), the triviality of the left-teuid extension unplies 
that of the right by Shapiro [18]. This proves the "only if* part of die lemma. The 
converse is obvious. 

We now study dia^. It will be usefiil to identify ttie space of symmetric 2-tensors on 
W, to be denoted S^W with sp. This is done by the mapping S^W End W which 
associates to the symmetric product u-, o W2 = ® W2 + W2 ® w, in S^W th& 
Widomorphism sending i' G W to (u'|,i')vts + \')vi'|. 

There is a remarkably simple way to obtain the infmitcsimal oscillator represent- 
ation. We define the Weyl algebra W to be the quotient of the tensor algebra T{ W) by 
the ideal generated by {w, ® W2 - h'2 ® h'i - \(h',, I). Then H is isomorphic to 
the quotient of %(»), the universal enveloping algelxa of n by the ideal genoraled by 
{it — XI}. It is also isomorphic under dp^ to the algebra of polyiK>mial coefficient 
differential operators on F. If is an associative algebra and hence has a Lie algebra 
structure with [x, y] = xy - yx. The algebra W inherits a filtration {W) from the 
filtration on Then "W- is a sub-algebra and If' = « = ® R is an ideal. It is 
clear that 'W^/'W^ is isomorphic to 5 ~ Moreover we have a canonical linear section 

j : S^W If 2 given hyjixoy) = ^(x®y + y®x). The image of j is stable for 

the bracket Ofwration on It" and / becomes an algebra isomorphism tx-tv\ccn s/M \\ ) and 
jiS'W). Also if s e S W the action oij(s) on W ' is the same as the usual action of 
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sp{W)mn = Vy® R. 
Now dp^ extends to It^ and of course satisfies for s £ S^W, xE n : 

By Lemma II. 1 .5 we have dp^{j(s)) = dta^is). Noting that if s = xoywe have j(s) 
~ ®y + y®x)and hence 

^PxO'(*)) = ^idp^{x)dp^iy) + dp^(y)dp^(x)) 

we obtain a useful fcmnula. 
Lemma II. 1.5. 

This lortiiula may be loosely stated as follows: we obtain the inllnitcsmal oscillator 
representation by extending the infinitesma! Stonc-von Neumann representation to the 
quadratic elements in the Weyl algebra so that anti-commutators are preserved. 

We can now compute the finite group A recalling now that X = 2tt/. indeed by 
Lemma 11. 1 .4 it is enough to consider the metapleclic extension pulled all the way back 
to the circle 50(2) which is the maximal compact subgroup of Sp{P) where P CW 
is the plane spanned by {ei,/t }. We identify R with the Lie algebra of 50(2) by 
mapping t to (- 1/2) (e] + f]) (the element (- 1/2) (e? + /?) in S\P) corresponds to 
the element J of Sp(P) satisfying 7 (ei = /■ , 7 (/ ) = - ). Then the exponential map 
fhrni R to S0(2) is given by exp (r) = e^'"^. Thus, the kernel of the exponential nuq» 
is generated by (-\/2)(e] + f]). By Lemma 11.1.5. this element acts by 
(—\/4'ni)((f*-/r^(l]) - 4tt-(/;). The eigenfunctions of this operator on the Schwartz 
space are the Hermite functions and the eigenvalues are half-integer multiples of /. 
Thus, e^"^ acts trivially and dui^ \ U descends to a representation of the 2-fold cover of 
S0{2). We obtain the famous theorem of Segal and Shale. 

Theorem. The projective representation lifts to a linear representation of the 
Z-fold cover oJ Sp(W). 

Remark. We will use the syttixA for both the pivyective representation of Sp(W) 

and the linear representation of the 2-fold cover Sp(W). Hie representation is che 

oscillator (or Weil) representation. SpiW) is called the metapleclic group and will 
usually be denoted Mp(W). The extension Mp{W) Sp{W) will be called the 
metaplectic extension. 

Let P he a syniplectic plane and GiP) the two element subgroup of Sp{ W) consisting 
of the identity and the element l which is - 1 on P and + 1 on the orthogonal com- 
^ement ofPmW. Then we have the following lenuna. 
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Lemma II. 1 .6. The metaplectic extension restricted to G(P) is not trivial. 

Proof: Wc have just seen that the two-told cover of the circle SO(2) C SpiP) 
induced by the metaplectic extension is the non-trivial 2-fold cover of the ciivle by 
itself. But the inclusion GiP) C SOU) is just the usual inclusion {±1} C 5'. The 
lemma follows. 

Corollary. The inctajylcctic extension remains non-trivial upon restriction to any 
sub}>roup which contains any G(P) (Jbr example the integral sytnplectic group or its 
congruence subgroup of level 2). 

2. Some elements in the metaplectic ^roup. In the next section we will need to 
make computations with certain elements of A//?( U ) which we define in the paragraphs 
below. W'c will use the notation that if G is a covering group of a group 6' and g G 
G then the image of ^ in G will be denoted g. Let F be the subgroup of Sp(W) which 
is the stabilizer of F. Let be the subgroup of P cmisisting of those elements acting 
trivially on F and M be the stabilizer of £ and F. Then P « M'N. Let P^ denote the 
identity component of P. 

Lemma 11.2.1. The metaplectic extension restricted to P ' is trivial. 

Proof. The lemma will follow if we can show that the mapping on fundamental 
groups 7ri(/'") — * ir^(Sp( W)) is trivial. But P" has SO{n) as a deformation retract and 
Sp{W) has U(n) as a deformation retract. Thus the above inclusion is equivalent to 
iT|(50(/i)) TTiiUin)). But the inclusion from SO(n) into U(n) factors through 
SU{n) which is simply-connected. 

Let 5 be a continuous section of die induced extension of We recall that the 
metalinear group M£«(C) is defined to be the fiber product of die double cova of C* 
and die determinant map, det: GL,(C) -* C*. Henoe» we have the fiber square: 

4 i 

GL»(C) C* 

The upper horizontal arrow we denote Vdet for it satisfies (Vdet g)' = det ^. We get 
corresponding extensions of C/(n) and GL„iR) denoted MU{n) and MU jU) re- 
spectively. We note diat if m E GL^(R), diat is det m > 0, dien Vdet i(m) > 0. We 
denote j(GL^(R)) by ML^i^). We will identify GLliR) and mC(R) using s. 

We now construct some elements m s{P^). We let X^/X) for X E R and 1 Si i, y S 
n with I ^ j denote the matrix in with \ in the i.j position, —X in the n + J, n + 
i position, I's along the diagonals and zeroes elsewhere. Let Y,j(\) for 1 ^ i <j ^ n 
denote the matrix in P" with \ in the /, /; -I- j position and X in the n + < position, 
I's along the diagonal and zeroes elsewhere. 

Let y„(X) for I ^ / // denote the matrix in with \ in the /, /; + / position, I's 
along the diagonal and zeroes elsewhere. Finally let X,j{K) = .s(X„(X)), K„(X) = 
s{Yij(k)) and Yi,(k) = A(y„(X)). We note, since 5 is a homomorphism, any relation 
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among Xn, Ya and Ya gives rise to the conesponding relation among X/y, K,y and f „. We 

also need the matrices in Sp„{U) given by: "(//) = ( I where « is a symmetric 

/V 0 V " 
n by n matrix, a(v) = ( <v ) wtiere v is an invertible /i by n matrix, and J = 

M. n ' 

Wc also let /M//) = .s( /)(/<)). f/(v ) = .v(«(\')), and 7 be the matrix in the connected 
componenl ot the inverse image of SU{n) in Mp„{U) which covers J. We put 
'n{-u) = Jn(u)] '. Hence covers '/Km). 

Lemma 11.2.2. We have the following relations in Sp^(Z): 

[^y(l), Y,ji\)] = f„(2) (Rl) 

[X„(l). K„(2)] = 1K„(2)K„(2) (R2) 

Proof: The corresponding relations tor A',,. Y,,. K,, may be verified by matrix multi- 
plication or by observing that they are Steinberg relations for 5p„(IR). The above 
relations follow upon applying the section s. 

3. Splitting the metaplectic extension, the theta distribution and k We now 

choose a lattice Z, C W so that ( . ) is integral on L and is unimodular. We take up the 
question of the behaviour of the metaplectic extension upon restriction to discrete 
subgroups r C Sp{L) where Sp(L) denotes the subgroup oi Sp{W) which stabilizes 
L. We have induced extensions Z/2 — > f — » 1 and 5' ^ T — * 1' which we denote *. 
We recall our observation of the previous section that to split * it is necessary and 
sufficient to lift ot^lr to a linear representation of F. 

We will construct a concrete nnodel for and <a^ called the lattice nxxlel. The 
inclusion LCW allows us to fcnm an extension S* -* L. 

Lemma II.3.1. R is a maximal abelian si4bf>roup of H(W). 

Proof: We have the following formula for commutators mH{W): 

[(»«',.ri).(»»'2.r2)] = (0.e*"<'"'-^>). 

Thus if W|, W2 E L then ( w,, /, ) and (wj, /2) commute since ( , ) is integral on L. 
Also if (w, t) commutes with (€, 1) for all € E L then {wj €) is an integer for all € E 
L. Consequentiy tv E L and die lemma is proved. 

Corollary: R L is trivial. 

Proof: L is a free abelian group. 

Now let Qbc d quadratic form on L/2L with values in Z/2 associated to ( . ) (this 
means Q satisfies Q{x + = Q(y) + Q{y) + {x,y}). We define a function Xc from 
R to 5' by: 

Xfl(^tO = e"^'**/ (here - denotes reduction modulo 2) 
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Lemma 11.3.2. Xc? " character. 
Proof: The proof is evident. 

We now consider the representations ind^ \q. We denote the Hilbert space of this 
representation by and the representation (temporarily) by p. We note that we may 
take for the space of functions F on H(W) satisfying: 

(i) Fixr) = XQ(ry'Fix) 

(ii) is square integrable on H(W)/R. Then H{W) acts by left translations. 
Clearly any element of is determined by its restriction to W (identified with 

(w, 1) G H(W)). We find that the image of under this restriction mapping is the 
space of functions for W saitsfying for C G L and n G W: 

(i) /(w + t) = e"<'">e"'^"7(H') 

(ii) Sw/L\fiw)\^dw is finite 

The action of W C H(W) on this space is now by twisted translations: 

p(M')-/(H'') = e'''^" " '/(w' - >v) 
The functions/ are (non-holomorphic) analogues of theta functions. 
Lemma 11.3.3. p is irreducible. 

Proof: We show that the only bounded operators commuting with p are the scalar 
multiples of the identity. We note: 

p(r)Flx) = F(r-'x) = Fixr-'[r-\x]) = XQ(r)XQi[x,r-'])F{.x) 

Thus r E R acts by the multiplication operators \Q{r)XQ([x,r'^]). We claim such 
functions separate the points of //(W)//?. Indeed if.r, = (vi',,/,)andx2 = (H'2,/2)then 
X(?('")Xc?<Ui' '■"']) ^ XQ('')XQi[x2,r~']) for all r G /? implies [jr|,r"'] = [x2,r~*] for 
all r E R. But by the commutator formula of Lemma 11.2.1 this implies e-"^"' '^ = 
g2iri<H:./> j-Qj. 2„ I ^ I implies w^ - w, E L and x^R = .v./?. 

We find then that any bounded operator M on commuting with all {p(r): r G /?} 
commutes with all multiplication operators by continuous functions on H(W) / R hence 
is given (in the second model above) by M f(x) = m{x) f (.v) where mix) is a bounded 
function on W/L. From the identity p( u ) o M » p( w)~' = A/ we find m{x + w) = mix) 
for all H'. Consequently m is constant and the lemma is proved. 

Thus p is a realization of the Stone-von Neumann representation of HiW). It is called 
the lattice model. We should emphasize that the space depends on the choice of 
quadratic form Q. Of course we have a realization of the oscillator representation o)^ 
on Let 0{Q) denote the orthogonal group of Q so OiQ) C SpiL/lL). Let Tq 
denote the inverse image in SpiL) of OiQ) under the canonical mapping Spit) —* 
SpiL/2L). We have the following theorem. 

Theorem 11.3. 1. The projective representation uy^.SpiW) PUi^^) becomes a 
linear representation when restricted to Vq for Q any non-singular quadratic form over 
Z / 2 associated to { . ). 
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Proof. We first note that if we fonii the lattice model f^, with die character x 
corresponding via Lemma II.2.2 to the quadratic form Q, then Tq preserves the 
inducing data used to deHne p^. Thus Fq acts on by AiTq-* U(X^) given by: 

My) fix) =/(7"'U)). 

It is immediate that: 

i4(7)M«M(7'') = PxW^)). 
Hence ^4(7) represents to^(y) and the theorem is proved. 

CoKoi L AK^i . T/ii' .S ' exicnsion associated to the metaplectic extension ofl\, is trivial. 

W'c now apply the previous theorem to obtain a formula tor the characteristic class 
CT ot the extension — ♦ f^^ \\,. We consider the long exact cohomology sequence 
attached to the coefficient sequence ^,2 -> 5' — » 5', where the second map is squaring. 
The put we are interested in is: 

()Lh will be used tt> denote the nth roots of unity). 

Wc have seen that j((r) is trivial, consequently, by exactness, there exists a character 
|x of Vq so that Bp. = a. Let us examine this more closely in terms of representing 
chains. Let e by any valued ccxyle representing a. Then there exists an .S ' valued 
l-cochain a on \\, so that ( ( i;,. ij:) = a(,i,',^'2)a(^2) 'a(gi) '• Smce f laJtes values in 
p,2 we see that a" is a character of Vq and 8a" = — c. 

We now give a formula for p. in terms of the oscillator representation. The oscillator 
rcpreseirtation is a linear representation cd^ : U{X^). Thus ttiere exists a charactor 
c:r0-»5' so that: 

^x'<y) = €(7M(7) 

Let O denote the linear functional on the smooth functions of i£y which is the Dirac 
delta at the identity of H(W). Then since A{y) leaves O invariant we have: 

Wx(7)e = e(7)"'e 

We observe that annihilates the center of Tq and consequently induces a character, 
to be denoted X, of r^. Then X(7) = eHs(y)) where 5(7) is any element of Tq lying 
over 7. 

Now let s'.Tg be a set-theoretic cross-secti(Mi chosen so that 0(^1,^2) » 
'(;i;2)'(f 2)"'^^ t)'' i> « valued cocycle representii^ the class §. ^iplying co, and 

operating on the theta distribution we find 0(^1,^2) = €(j(gig2))e(*(ft)r'€(*(gi))"*. 
Applying the previous discussion with a(^) = e(j(g)) and notiiig a\g) " 

e^(.y(^!?)) = we find represents §. 

We obtain the following formula for a representative cocyle c lor the metaplectic 
extension of I\, in terms of the theta multiplier e. For each 7 E Vq, let Vx(7) be one 
of the two square roots of X(7). Then, we have the following lemma. 
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Lemma II.3.4. The metaplectic class restricted toTgb represenied by: 

Corollary: If K* is my subffnmp cftg vMch leaves Q fixed and A.is^ image 
cf K' wiTq then the restriction of the metaplectic extension to A is trivial. 

Remarks: An equivalent statement ot the previous lemma is that the extension 
Tq is the pull-back via X (rf Ihe 2-fold extenskm of the circle. We note that the 
coioUaiy is obvious directly because A' cannot contain die center of f^; (whidi acts by 
-1 on 9). 

We now ccMistmct A'. We assume is the form given by: 

« 

Q(X}fX2t . . . tXu) — 2 XiX„^i 

I- I 

in this case l'^ consists ot integral symplcctic matrices such that 'ac and 'bd have even 
diagonal entries and is known as the theta group. 

Lemma 11.3.5. For n> \ , the characters is Oivia I on the subgroup o/Tq generated 
by h(lu) and 'n(2u) where u is an n by n symmetric integral matrix. {See the end of 
the previous sectum for the meaning of the notation in Ms lemma). 

Proof. We claim that the matrix n(2u) is a product of commutators in f^. Since 
n(U|)n(u2) = fiiUi + iiz). it is enough to verify the claim for Yfjil) and K,v(2). But the 
relation (Rl) of Lemma 11.2.2 implies ^,,(2) is a commutator, then by applying the 
relation (R2) we see that 9 (2) is a product ot" two ctxnnnitatfKS. Since '/i(2u) is 

conjugate to /7{2h) (note J E 1\,) the icninia lollows. 

it is proved in Mumtord [14]. Proposition Al . that the elements K„(2) and Y,,(2) (for 
\ ^ i,j ^ n) generate the subgroup of 5/7„(Z) of matrices satisfying the congruence 
conditions; a = d = 1„ mod 4, h = c = 0 mod 2. Noting that this group contains r(4), 
the principal congruence subgroup of level 4, we obtain the following theorem. 

Tm.ORtiM 11.3.2. Let A C Sp„{Z) he a subgroup ()fV{4). Then the restriction of the 
metaplectic extension to A ;.v trivial. Moreover, there is a section v: A — » A so that 
^DJ^{s{y)) = A(y)for all y £ A. /// pariicular oi^{s{y)) leaves O invariant for all 7 G 
Kttnd€\s{K) ^ 1. 

Ri:makk. We have not proved the above theorem in the c;ise /; I The theorem 
remains true since we may embed a two dimensional symplcctic space (with the split 
quadratic form) in a larger one (the double for example). Then the case where n — 1 
follows fhmi the case of laign* n togedmr with the fondoriality <rf fi\ and A under 
restrictions. 

For our qiplications of die osciUator repre sen t ati on to the theory automoiirtiic 
forms we will need to construct a certain Une bundle over A\$i, which is die square-root 
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of the locally homogeneous bundle associated to the determinant representation ui the 
maximal compact subgroup U of Sp{W). Let MU denote the 2-foId cover of U. We will 
call MUthe meta-unitaiy grmip. There is a unique homomorphism making die 
following diagram conmiutative: 



i i square 

U >S' 

We recall that a manifold M ot dimension n is said to have an almost complex 
Structure if its tangent frame bundle can be reduced to a V(n) principal bundle P. We 
will say that an almost complex manifold has a meta-unitary structure if ttnat is an 
MU{h) principal bundle P and a double covering P-^P which restricts to the cover 
ll4U{n) U(n) on each fiber. 

Lkmma 11.3.6. A\!0„ has a meta-unitary striu tiw. 

Proof: The tangent bundle of W^„ may be reduced to the bundle: 

U -* A\Sp(W) A.\Sp(W)/U. 

Recall we have a «!ction 5: A -* A and A' = j(A). Put P = A'\Sp{W). Since P 
is also equal to k\SpiW) we find that P is the required double cover of P. 

We now define the line bundle L over AX^. to be the line bundle associated to the 
principal bundle P and the representation Vdet of MU(n). L is also the line bundle 
associated to the automoqriiy factor > on Mp( W) X defined by j(g,T) = Vdrt 
(cT + J) where is chosen so that /( A:, //„) ^ \'det for A:6AfI/(n). L is also 8 square 
root of determinant k of the Hodge bundle over the space of principally polarized 
abelian varieties We now make some remarks concerning the transformation law for 
the classical theta function. 

There is a unique (up to scalar multiples) element 90 (the Gaussian) in the Schwartz 
space of L which satisfies: 

«x(*)<Po = Vdet (*) ' «po for A e MU(n) 

Then the function B(g) = O(a>x(;)9o) transforms according to: 

(i) 6(7g) = €( ^ )()(.!,') 7 e 

(ii) e(^ Jt) = Vdet (*)V- IBg ke MU{n) 

Defming e(T) = jigrfiUMgr) where gM) = t, we find e(T) satisfies for 7 e VqI 

e(7T) = e(7)Vdet((T + dmr) 

Rl-.MAKK-S. 6(7) is called the theta multiplier. It is a character of V^,. To deal with 
compact orthogonal locally symmetric spaces we need to prove the invariance of () 
under A C Sp„(( ) for the integers ( in a totally real field. Here A acts by a tensor 
product of oscillator reprcsentauons. See Borel-Wallach [2]. VI11.7. 

4. Dual reductive pain and liftings. Now let V be a real vector space of dimension 
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m equipped with a quadratic form ( , ) of signature (p,q). We assume there exists a 
lattice L in V so that ( , ) takes integral values on L. We let Sp„{ U ) denote the isometry 
group of the standard skew-symmetric form ( . ) on R"" and Mp„{U) denote the 
metaplectic group. Then ( , ) ® < , ) is a symplectic form on W = V 0 IR-". We 
perform the construction of Section I to obtain the oscillator representation ca of 
Mp{W). We let E denote the Lagrangian subspace of U'" spanned by {€|,€2, . . . ,e„} 
the first n basis vectors in the standard basis for R'". We then realize the Schrodinger 
model for this representation on L~(V ® E). We identify V ® £ with V", the Ai-fold 
direct sum of V with itself by means of the basis {e, .€:.... , €„}. We let F denote the 
subspace of U'" spanned by the last n standard basis vectors. Then U'" = £ ® F is a 
Lagrangian splitting of R-". 

It is easily proved that the restriction of ui^^ to Mp„(U.) G Mp{W) is the m-fold tensor 
product / the oscillator representation of Mp„(U). We describe this representation on 
the elements s(n{i4)) and s(a{v)) of section 2 (assuming det v > 0). Then the operators 
of u) on / E L-{V") are given by: 

(i) oi{s(n(u)))f(.x) = e(\/2tr {'xxu) fix) 

(ii) io{s(a{v)))f(x) - (det xT^'fixv) 

Here 'xy is the n x n matrix of inner products (jr,, y^). We have an embedding of 
SO(p,q) into Sp{W) which lifts to an embedding into Mp{W) - by lemma II. 2. 1 
(choose P to be the stabilizer of V 0 E). 

The operators (D^ig) for g G SO{p,q) are given by o)^(g)'f(x) = fig'^x) for/ G 
Lr(V"). The operators m^ig') for g G Mp„(U) and (u^(^) for gtSO(p,q) commute 
with each other. Indeed 0{p,q) and Mp,i{U) centralize each other in Mp{W). In fact 
each is the full centralizer of the other. Such pairs of groups have been named dual 
reductive pairs by Roger Howe. There are many others besides the previous pair. In fact 
to treat the complex and quatemionic basic examples we would need the dual reductive 
pairs l)(n,n) x U(p,q) and SO*{An) x Sp(p,q). In this paper we will restrict 
ourselves to the orthogonal case. We will rename oj to denote the representation of 
Mp„(U) X 0(p,q) obtained by restricting oj^ and will abbreviate a)(g', I) and a)(l,g) 
to m(g') and ijiig) for g' G Mp„(R) and g G d(p,q). 

There are two critical properties of dual reductive pairs which we now explain. The 
first involves a remarkable relation between the action of the invariant differential 
operators from Sp„(U) and 0{p, q). Let ^ig) be the universal envelopping algebra of 
the Lie algebra^ of Oip.q) and '^{g' ) be the universal envelopping algebra of the Lie 
algebra g' of Sp„. Then we have the following theorem of Roger Howe [5]. 

Theorem II.4. 1. Let z and z' be the centers of%{g) and ^{g' ). Then diaiz) and 
dttiiz') coincide as algebras of operators on the smooth vectors in L'(V"). 

This theorem motivates the following lemma which may be proved by a direct 
calculation. 

Lemma 11.4. 1 . There is a scalar k so that to(C' ) - u)(C) = X where C is the Casimir 
operator of g' and C is the Casimir operator of g. 
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We have already met the second property - it is Theorem 11.3.2. We intersect the 
subgroup A' CSpiZ (S)L) with Afp,(R) x O (/;,</) and we find a subgroup of finite 
index in the product, of Sp^iZ) and the integral points of SOip, q) which fixes 0. We 
call this group r x T. 

If (p E 5( V) and F' x F is a suitable subgroup of the group of integral matrices in 
Mp„(R) X SOip.q) then the function e,(^',g) on Mp,iH) x 6{p,q) given by: 

satisties 

Now suppose we can choose <p so that <p transforms according to a finite dimensional 
refvesentation a' ® a under MU(n) x x Oi^q)). Then as described in 

Section 1, 6, can be identified with a section of the exterior temor product £„• 0 E„ 
which we denote 0,(x' , jc). In the cases we will consider £«• and have natural metrics 
and 0, can be taken as the kernel of an integral operator naspping sectimu of E^- to 
sections <rf and vice versa. We will use the notation of Howe, PI«tetski<-Siu|Mro [6] 
for this correspondence — if/ is a section of E„ then 9^(/) will be the section of 
obtained by taking the inner product of / and 6^. Similarly if t) is a section of then 
8^(t|) will be the resulting section of E„'. in summary, we have: 

e,(/) = (/,e,) 

where ( . ) are the Hilbert space inner products on section of E„ and E„. We use the 
conventimi that the inner products are anti-hnear in the first variable. 6,(7)) will be 
redefined later. 

Rhmakk: Again we should treat the general totally real case and again we refer to 
Borel-Wailach [2J. VU1.7. 

ni. The constroclioa of hamMmic dual forms by a thcta corrcspoMleBoe 

1. The Howe operator and the Schwartz form. Our goal in this section is to 
construct a canonical element in ( A*"(Z>) 0 S( 0 xyf. Here X is a rational positive 
subspace of V, A*"(D) denotes the space of smooth qn forms on D and the supersoript 
G means the subspace of G invariants for die diagonal acti<m. We tfiink of an element 
F of the above space as a form on D witfi values in the Schwartz functions <ni V 0 X. 
Given any linear functional T on S( V 0 X) tfien T{F{z)) will be an ordinary differ- 
ential form on D. If T is invariant under a discrete subgroup V of G then T(F(z)) will 
induce an element of A*''(F\D). In particular, if we choose 7=6 then we obtain a 
map: 

(A*"(0) 0 S(v 0 xyf A*"(r\D). 
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For this reason it is important to construct forins of the above type. 

We first construct an element of (A"(D) (x) S( V ® X))^. We choose a majorant 
( , for ( , ) as in I- 1. Since ( , ) restricted to X is positive definite we obtain a 
positive definite form ((,)) = (, ).-„ ® ( , ) on the tensor prixluct. We choose an 
orthonormal basis {€|,€2, . . . ,€„} for X and identify X with R" using this basis. Thus 

V 0 X is identified with V" and we find that for x, yeV" the inner product ((jc,>')) 
corresponds to the trace of the matrix with ij-th entry (jc,, yj):^. Since we have identi- 
fied if{V@X) with S{V") we have the operators of the oscillator representation of 
Afp„(/?) acting on A*(D) ® S( V® X) via the action on the second factor. This action 
commutes with the action of G on either factor, in particular it commutes with the 
diagonal action. We define the Gaussian (pu€S(V") by the formula: 

n 

<PoU) = e""" = n e-''"' '''o. 

1=1 

Then <po transforms by a character under K' , the maximal compact subgroup MU(n) 
of Mp„(U) which fixes Jo. This is easily proved by an infinitesimal computation using 
Lemma II. 1.5. We define: 

Then <poeA*(D)A"(D) ® S( V))^ 

We now look for a G invariant, K' semi-invariant, operator V such that: 

V:(A*(D) ® SiV'')f->' (A***(D) ® SiV))^ 

We give the construction of such an operator in the case k = qn and G = SOo(p, q), 
the connected component of the identity of 0{p, q). In this case K = SO{p) x SO(q). 
We first observe the isomorphism given by the restriction map: 

(A*(D) ® 5(V))^ (A*7'*(D) ® 5( V))*^. 

But T*(D) is canonically isomorphic to ® Zo. We obtain an isomorphism of the 
above space of G-invariants with (A*(2d ® z„) ® 5(V"))*. We are now in the 
framework studied by Howe [5]. We now write down an operator V which is K 
invariant, K' semi-invariant and satisfies: 

V':(A*(Zo' ® 2o) ® SiV))' ^ (A'^'"'(2„' ® Zo) ® SiV))". 

Such an operator will give rise to the desired operator V. 

We give a formula in coordinates for V. We choose a basis 
{ei, . . . , e^,, ep+ 1, . . . , e,„} compatible with the splitting V = ® z,,. Then we let {x,, : i 
= 1,2, ... ,m; j = 1,2, ... ,n} denote coordinates relative the basis {cj ® for ®. 
We use the index convention that a, p will stand for indices between I and p and \l, 

V for those between p + I and m. We normalize the Riemannian metric on D to coincide 
on T.^(D) with the negative of the tensor product ( , ) ® ( , ) restricted to ® Zq. 
For this metric {e„ (x) e^,:l ^ a. p, p + I ^ p. ^ p -I- ^} is on orthonormal basis. 
Using the metric, e„ ® gives rise to an element (e„ ® e^,)* in T*iD) which we 
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identify with the Maurer-Caitan form (Oa^ in This is a AT-equivariant identification. 

We have opeiators d/dx^^ M(Xij) on 5(V") where M(Xij) denotes multiplication by 
Xij. We also have operators AitHij) on A*(zo ® zo) where A(<t>^) denotes exterior 
multiplicaticm by laij. Then we define the Howe operator by: 

^' = ^ n n I (ti ^ - Af u..) ) (X) ^((u.,). 

Finally, we define: 

<p = V'<Po e (A-'Czo^ ® Zo) ® SiV))". 

In the next secti(Mi we will need a formula for the element $ € (A'^CD) ® 5( V))^ 
restricting to <p. We have identified A"*(zo 0 zj; ) witfi A**p*. We look for a represent- 
ation (for each jc) of 9 as an element of (A'^p* ® C*(G))'^. To do diis we just use the 
map in the beginning of diis section. We define 

ip{g,x) 6 A"^* 0 [CfG) ® 5(V«)f by <p(^,x) = «p(^-'jc). 

The #r-invariancc of tp,, guarantees that for each .v we have ip(,i,'..v) E ( A"";;* x) 
C^(C))* (we will sometimes write «p(z,jt) for 2 G D since tf depends only on g 
mod K). 

To make the previous correspondence completely clear we note diat we may extmd 
<p in terms of nnonomials to, in the &)a^*s according to: 

<pU) = X Mx)iiii (here / is a multi-index) 
Then the //*s satisfy: 

fiikx) = 2 u,Ak)Mx) 

i 

where (r,^ is the /./-th matrix element oi K acting on A"'/'*. We extend the u>/'s to 
left-invariant on G and we extend each //{x) to //(^,.v) Ji{g a). Ihen 

<p(«.Jf) = S figrX)ia, 

We next note that for n = I , the function (p(x) is a linear combination of monomials 

of the form a).,,^, , A a»„,,, . ; A ... A a)„^/,+, where {ai.a: a^} is an arbitrary 

subset of {1,2 p). We will be especially interested in the coefficient ^^^{x) of 

A ... A <d|^+f. We see that this coefficient is given by: 

TT/oU) = //,(V2^(e.,A))9oU) 

where //,(0 is the 9-th Hermite polynomial given by: 

«,(0 = (-I)V^7^e-" 
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We observe that the form $ for fi » 1 determines the form 9 for general n. Indeed, 
we have an isomoiphism to Sf(V^) sending/, 0/2 0 . . . 0/« to 11,'.,/. We 

also have the n-di exterior power map. A^Czq ® 2b) -» A'**(zo 0 zb). Clearly both of 
these maps are IT-homomiMphisms. Combining these two mqipings we obtain a K- 
homomorphism (of degree n): 

A*(Zo 0 Zb) 0 S(V) ->> A"*(r„^ ® Zo) 0 S(V) 

and consequently a map of /^-invariants to be denoted A: 
n 

® (A^(2„' ® z„) 0 S(V))* (A-'Czo" 0 Zo) 0 ^CV))*^. 
1 

lfg€Gandz = g2bwelet( , ); denote the majorant of ( » ) associated to z. Thai 
we have: 

We note the transformed Gaussian satisfies 

ij 

9oi8 'x) = 11 e "" "^ 

We then have the following lemma whose proof is left to the reader. 
Lemma 111.1.1. 

^(z,x) = 9,(z,x,)A9,(z,X2)A . . . Af ,(z,x.). 
Notation. (pi(z,jr,) is the q-fom obtaining by applying the partial Howe operatOT 

= ^ ft i (2^ 57 - ® 

' 

to the Gaussian in the variable Xj. 

We will later need a naturality property of the form (pi(r,jr) under restriction. 

Let y be a vector in V of positive length and .v another vector of positive length so 
that v = v' + a" with .v' a multiple of y and (.v".y) = 0. Let V, denote the orthogonal 
complement ol y in V''. G, be the subgroup of G which fixes v, L), the set ot negative 
i/-planes contained in \\ ami i, .D^—*D the inclusion. We may consider the dual pair 
Mp„{R) X Gy C Mp{U-" 0 Vy). The theoiy of the previoys section produces an 
element € (k^D,) 0 S(V;))^'. We then have the following lemma. 

Lemma 111.1.2. 

i*9(z.jc) = ^(x')(p'(z.x'') 

We now summarize the key tensorial properties of $ in die following theorem. 

Theorem 111. I.I. (i) if>(z,x) is a closed nq-jorm on D for every x in V". 

(ii) <p(z,j() transforms under MUin) according to die rqmsaiUMtm (Vd^)*. 
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Remark. We will not prove ip is closed. As the reader will observe in the section 3 
this is essential. The proof may be found in Kudla-Millson [9]. 

2. The theta correspondence. In the last section we constructed a canonical ele- 
ment >f e (G' '(/)) ® S(V"))''. We now consider the element % e A"^(r\D) ® 
C"(Mp„(K)) defined by: 

e,(g'.2) = e(«(g')9) = 2' ong'mz.x). 

By S', we mean the sum over only those xEL" which are congruent to some fixed 
non-degenerate (i.e. rank n) n-tuple .r,, G L" modulo some integer A^. Elements of V" 
will be called /i-frames and elements of L" will be called integral n-frames. We assume 

7 G I" implies y = I mod N. 

Clearly. B^. defines a closed differential nq form on Af = PXD for a suitable congru- 
ence subgroup (again denoted f) of the integral points of 0(p,i{). The transformation 
law in ^' is very subtle but is now clear (after the considerable work of Chapter 11). 
Since O is invariant under T' we have 

(i) %(y'g\2) = e,(;?',z) 

and since ip transforms under K' like (Vdet)'" we have: 

(ii) e,(.if'A-'.2') = [\ QJa'-:). 

The formulas ( i ) and ( ii ) together imply that is a section of the line bundle L'" over 
M' = r'\.V>„ (recall L - k ' ). We use t to denote the coordinate in §„. Then t = « + 
iv -with H and v real nhy n symmetric matrices and v positive definite. We define an 
element gi € ilfp«(R), satisfying g^iila) = t, by the following formula: 

, /Vv Vv '«\ 

*' = V 0 V^-^l 

Then we define 9^(t, 2) by the formula; 

9^(r,2) ^ J{gi,il,r'%{gi,z) = (det v)-'*e,(g;.z) 

We may use 0, as a Icemel of an integral transform as in ChiqMer II, section 4 and 
we obtain an integral transform: 

.^rCoCAf'.L'")-* A'^M). 

Since 6, is closed we also olHain a map: 

Co(W'.L) R). 

Now L is a holomorphic line bundle. Holomorphic sections of L are classical Siegel 
modular forms; that is, holomorirfiic functions on satisfying the transfomnation law: 

/((AT + b)(cr + J)-') = det (CT + rfrV(T) for (" ^) e T' C Sp,(Z). 

We denote the holomorirfiic cusp-forms satisfying the above transformation law by 
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S^iii^'). Clearly we can integrate a hoknnoiphic cusp form against 6« and obtain a 
liftiiig XiS^nil^') -> A"*(il#). A computation of Casimir values and Lemma 11.4.1 
yield the following theorem of Kudla-Millson [9]. 

iMiiURbM 111.2. 1 . The lift of a holoniorphu cusp form is a closed harmonic nq form 
on M. 

We have constructed a mapping from spaces of classical Siege! modular forms to 
harmonic forms on locally symmetric spaces of orthogonal groups. We want to relate 
the image of this map to the dual classes of special cycles. Let H'"' denote the space 
of harmonic nq forms in M. We assume henceforth that M is compact. 

We now define some linear combinations of special cycles. We will say an n-frame 
X - {xuXi, . . . ,x„} has length equal to an n by n matrix p if p is equal to the matrix 
((jc,.jcy)). If p > 0 we write 'xx = p. 

Let denote a of F orbit representatives for die set of ii-firames in L' of length 
2p saitsfying die previous congruence condition. Then is finite and we define: 

The notation is explained in 1. 1 .5. 

We now define two subspaces of H**. We let H denote the image of S^ni^' ) under 
Bt. We let Hcyck denote die sgm of the duals of die cydes as above subject to die 
condition that p is positive definite. We will now oudme a proof of the following 
theorem of Kudla-Millson. Let m = p + 9. 

Main theorem: //« < m/4 then Hh = H.vdc 

The theorem follows easily from a formula for certain Fourier coefficient of H (t)) 
where ti is a harmonic (p - H)^-form. We consider the non-singular pairuig [ , J 
between harmonic {p - n)q forms "n and harmonic nq forms cu given by: ["xx^in] = 
/«Ti A b). We defuie 8,(t]) for t\ a harmonic (p - n)q form by: = ["n, 6,]. By 
die tcansformation law for 6 we see diat 6, is periodic widi reject to the lattice L' - 
F' n N. Consequentiy 0,(i|) has a Fourier expansion with respect to die characters of 
L'. Let 0^(0,(1))) denote die p* Fourier coefficient for p an element of die dual tottioe 
(V )* of O will be a symmetric 11 by n matrix widi rational entries), is a function 
of V where t = u + iv. Then, for p positive definite, we have the following formula 
" to be proved in die next section: 

ap(e,(n))(v) = e-^*^'f^^i) (S) 

We now show (5) implies the theorem. Clearly, it is enough to show Hg - H^. 
This later equality we establish by proving two indiMKNis. 

We first establbh C H^. AcconUngly, we assume i| is ofdiQgonal to die dual 
fonns of die cycles Hence /c^i) 0 for all cycles widi ft positive definite and 
accordingly - 0 for all such p. But dien any / in S^iV) has Fourier 

ooefilcienls disjoint from 0,(t)) and consequentiy we have 
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[«.(/). Tq] = (/.ejTi)) = 0 

Wc now establish H,, C H ; j^. Wc assume that 0^(t]) is orthogonal to all holo- 
morphic cusp lorms. We introduce the Poincare series (convergent provided n < 
ip + <?)/4): 

Pp(T) = C 2 — — 

r;\r' jiy^r)" 

Here r4 = n and c is a constant chosen so that (pp,/) = ap(/) for/E ^m/zCF') 
and r' is the intersection of f andM We recall thatpp(T) is a holonKwphic cusp f<»in. 
We will also need the series: 

P|»(t,s) = cU) 2 — — detv(7T)' 

Here c(i) is chosen so that (pp(T, a),/(t)) = for / a holomorphic cusp form. 

Then assuming n < (p + q)/4 we have Pfi(T,5) is holonK»phic in 5 in a vertical 
half-plane containing 0 and /ypCr, 0) = pp(T). 
Since ppCr) is a holomorphic cusp form we have: 

We now compute the first inner product directly. By the usual unfolding argument 
(valid for Re s sufficiently large) we obtain: 



(p„(T,i),B^(Ti)) = c(s) [ e -""^'^^ (det v)"'-''e,(Ti) 



= c(s) f e (del vr'^^'-"*'%(8»('n)) 



dudv 
(det v)"*' 

dv 



(detv)"*"2 



= c(s) (J *Ti) I e^'"'^**' (det v) 



(det I ) 



-1 + 1/2 



Here 3^. is a fundamental domain for in and ii^, is the space of positive definite 
symmetric // by n matrices. 

The above integral formula coincides with (P|i(T,i), 0^,(ti)) a priori only for Re s 
large, but, by the principle of unique analytic continuation, it must coincide with 
(,p^{tfS), 6^(1))) in any region where they are both defined. The second integral has 
been computed in Siegel [18], Hilfsatz 37, and is convergent and non-zero provided 
Re 5 > n — i»/2. This region includes zero under our assumption on n and m and 
consequently both die inner product and the integral are reghlar at « = 0. Evaluatiog 
the integral at 5 = 0 we obtain a non-zero constant and find: 



cc' f T] = (Pp(T),ep(Tl)) = 0 

•'cp 

Hence the period oi t) over Cp is zero and the theorem is proved. 
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3. The positive-deflBile Fourier coendentB of The purpose of section 3 is 
to prove the formula: 



In this subsection wc introduce some notation and some ideas cooceming the co- 
homology ol" the total space ot an oriented vector bundle. 

If A E V" then G, will denote the stabilizer in (1 ol" the span ol .i and /) will be the 
sub-symmetric space ol D associated to 0',. We let 1", = T fl 0\. We assume now that 
the span of or is a positive definite subspaoe of V. 

The critical topological observation for what follows is that the space E = Tj^SD is 
in a natural way a vector bundle over = F^XD^. There is a fibering ir : C whose 
fibers are obtained by exponentiating the normal bundle of C, in E. We choose smne 
jr € Cp and study the cohomology of E = F^NZ). 

We review briefly some facts concerning the cohomology widi compact supports of 
an oriented vector bundle over a compact manifold. These facts are proved in Ctiapter 
I, section 6 of Bott-Tu [3J. If E is an oriented vector bundle with fiber dimension ruf 
then R) is isomorphic to !R (here the subscript c dent^tcs cohomology with 

compact support). Morecner. if is a closed, compactly-supported lu/ form then its 
image under the above isomorphism is the integral over any fiber (by Stokes theorem 
all fiber integrals are the same). If i|f is a closed compactly supported nq-form with 
period 1 along a fiber dien i|i is called a Thorn form and its chos in ff"*(£, R) is said 
to be die Thom class. It is a basic result in topology (proved in Bott-Tu) that die Thorn 
class is Poincar6 (or Lefschetz) dual to the zero section Z of £; that is, if r\ is any closed 
form on £ we have: 



We now apply these considerations to ir : £ C (so C is die zero section of our 
bundle). For any E 5p,(R) we find that o>(g')9 is F, invariant and hence we may 
project it to £. Let us abbreviate m(g')^ by 9 until the end of Lemma 111.3.4. This will 
cause no difficulty fen- die only additional propexties(rf 9 we will use are that ^ is closed 
and rq>idly decreasing (see below) both of which are true for all mig')^. We would 
like to multiply (p by an appropriate factor so that it becomes a Thom form. Since $ 
is not compactly-supported we must make some modifications in the standard theory. 

We note E inherits a Riemannian metric from D. We say a form t on E is rapidly 
decreasing if we have for some constants C and any positive inteiier n: \\t(:)\\ ^ 
Cfl(z)~" where a(z) = ' and r(z) is the geodesic distance from the point z G D from 
die submmifdd D,. It is easy to see 9 is rapidly decreasing. We recall also that 9 is 
closed. The next lemma will allow us to replace 9 by a compactly supported form. 

Li MMA 111.3.1. if is Lohoinulogous lu a cumpactly supporied Jorm via a rapidly 
decreasing primitive. 
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Proof. Let ax denote the operation of dilation by die positive nirniba* X acting 
fiberwise on the vector bundle E. Then rid/dr) is the infinitesimal generator for the 
flow <Ik. Put T ina/»r} Si'a*^(d\/k). Then t is defined in the complement of zero 
section of E and satisfies dr - We multiply t by a smooth radial functim a 
vanishing at the zero section and identically 1 in die complement of a small neigh- 
bourhood fo the zero section. Then 9r = 9 ~ divj) is compactiy supported. With this 
the lemma is proved. 

We now treat the problem of whether {D) holds tor tf. Note that since 9 is not 
compactly supported some restriction must be placed on t] in order that the left-hand 
integral of (D) coverge. We allow t) to be slowly increasing (||ti|| bounded by a power 
of a{z)). 

K be die period of $ over any fiber of ir and let be any slowly increasing closed 
form on E. Then we have the following lemma. 

Lemma 111.3. 2. 

Prow. We may write <p — «|f + </v where 4> is compactly supported and v is rqiidly 
decreasing. Let 5(r) be the bundle of normal spheres of radius r around C in C. Then 
die volume of 5(r) is bounded by a(z)* for some fixed k (since the curvature of D is 
bounded below) and oonsequendy: 

lim I V = 0 and lim j t| A v = 0 

r-** ''5(r)ni»er ''Sir) 

We conclude by Stokes Theorem that 

I 9 = Kand|'nA$ 

Hence 1/k i|f is a Thom form and 

f nA^v^ f •nA^,|,= 

Je K Je K 

Since k is constant (in z) the lemma is proved. 

Remark, k is a function of g' and x; that is, k - K(g',x). Although it is initially 
defined only for rational v vvc may extend it to all real v with positive definite span by 
defining Ki t;', v) to be the integral of uj(,i^')<f over some normal fiber of C D. 

Finally since is rapidly decreasing the sum il - I/k Si , 17*9 converges, projects 
to M and defines the dual form to the cycle C in M by Lemma 2. 1 of Kudla-Millson 
[8]. Rewriting slightly the condition diat (I is dual to Cr we obtain: 

f A 2 = I t| 
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We may summarize the results obtained so ftr in diis section by the following 
lemma. 

LhMMA II 1. 3. 3. Let if) be a rapidly decreasing closed nq form on t = l^XD and 
be a V- invariant form on E. Then the following are equivalent: 

(i) /l,lx-. tp = K 

(ii) J/ Tl A (p = K /r, T] 

(iii) /i, T\ A S| , ^*ip = K , 71 

The previous lemma completes the topologieal preliminaries and we are now ready 
to study the integral tor the ji"' Fourier coefficient of namely: 

flp(e,(T|))(v) = —4— [ e,(t|)(ii + iv)e-^"»^ du. 

vol 3(V) 

Here 9l(v) is a fundamental domain for TU acting on the subset of defined by 
Im T = V. 

Let 0,(t,z, be the function defined by: 

e,(T,z.P) = (det v)-"^ 2' {a>u;)9(z.Jr): U.jc) = 2^} 

Then an argument identical to that of Kudia-Milison [8j, page 254, yields the 
following lemma. 

Lemma lii.3.4. 

fls(e,(ii))(v) = f Ti Ae^(/v,z.p) 

We note that e,(T, z, ^) is T invariant but is no longer P invariant. We now rewrite 
Ov(t,z, ^) as follows. Recall thitt we have chosen a set of rqxtsentatives Cp for die- 
r-oifoits of fhunes in L' of length 2^. We define for x € C'^. 

e,(T.z,ic) = (detv)-'^'' Z o>(«;)7*9U.x) 

Recall in the previous section we defined: 

K{g\x) = I Ui(g')ip{Z,X) 
'fiber 

We define k'(t,x) by the formula: 

k'(7,x) = (del V) K(^;,^) 

We find then: 

flsO^C-nKv) = 2 j T|A(detv) X <«)U;j7**U.Jc) 

x€Ci "'f r,vr 
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hence, by Lemma III. 3. 3: 

a»(%Cf\mv) = X K'(iv,x) j T) ** 

Thus, to prove (5) we must compute K'(jv,jr). In fact it is equally easy to compute 
k'(iv.jc), K'(T,jf) or K(g\x). We note K'(iv,jr) = (det v)-'^k(Vv.jc). 

The function K{g\x) has a lai^ge number of symmetries which we now describe. We 
first claim that K(g\x) depends (in the second variable) only upon 2^ = (jr,jc). To see 
this it is sufficient to prove K(g\gx) = k(^',jc). But we may compute K(^',^.r) by 
integrating it){g')if){:.i^.\ ) along the transform by g of the fiber we used to calculate 
k(,?', .v) note .ur,, G /) , But oj( i,-' )tp(z,^jc) = a)U')(p(j~'z,Jc) and the result follows 
by the change of variable theorem. 

Thus, there exists a smooth function k" on W x with K(g' ,x) - k"(^',P) for 

P = 'XX. 

As a function of g', k is determined by its restriction to ML*iU) C Mp„(U) since 
it transforms by characters under the actions of N and JIT'. Let u, v denote elements in 
A#L^(R). Then we have: 

k(vu,jc) = (det v)"'^K(ii,jrv) 

(A) 

k"(vm. (3) - (det V)'"- k"(u,'v^v) 

where \ acts from the right on the fiame x. 

From the previous two paragraphs we see that it is sufficient to compute K(u,e) 
where c = {^1,^2,. .c,,] and // E ML*(U). Let A' be the diagonal subgroup of 
ML„ {U). We now claim that the function K(u,e) is determined by its restriction to A'. 

Lemma UI.3.5. K{u,e) is a spherical Junction on ML*{R). 

Proof. By the Caitan decomposition for ML*(R)we may write 11 = k^a'ki with 
kt e siSO(n)), ki e s(SO(n)) and a' E A'. Cleariy Kikio'ki.e) = K(kta\e) since 
^ is invariant under siSO(n)). Also by (A) we have: 

K(k\a',e) = K(a',ek^) = K(a',e) 

because (ck^.ck^) = (ce). With this the lemma is proved. 

We now compute k ' ( t. v ) in the case // = I , this is the key calculation of the chapter. 
Let ill, be the diagonal matrix with diagonal entries (ji, |x '). 

Lemma 111.3.6. In case n = \ we have: 

(i) K(a;,e,) = ji-'^e-'"'^ 

(ii) k'(t,;c) = e"^P" where (x,x) = 2p 

Proof. We must compute the period of the fmrm o>(g' )$(z,x) along a fiber of the 
tube E = Tj,\D. We have reduced this to a study of /(p.) = K(a'^,ei). In this case 
is the set of negative qr-phmes contained in the cxthog<Mial c(Hiq)Iement of ei . We choose 
26 € Djr to be die 9 plane spanned by 1 A A ... A e^^^. Then the fiber through 
26 is tfie set of negative ^planes pependicular to {ez, ej, . . . , e^}. This is a sub- 
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symmetric space d /Kx where G| is the subgroup of G which fixes {^2* ^a* • • • > We 
find diat pfoonsists of the Maurer-Caitan foims i. «»i^i^2> • • • » ^\p*r ^V^Y^ ^ 
formula 1.2.4 we find that the pniod/(|t) of a>(a^)<p(g~'ei)) is given 1^: 



where ti/,,(«^, g ' ('i ) is the coctiicieni ol u),^+ 1 A u>i,,+2 A ... A in the expression 
for u>(a^)<p(^ ~ ' ^1 ) in terms of left-invarimt ^forms on G. We have seen in the last 
sectim that: 



I 2 (Zir) 

! Noting that the stabiU/.cr ut>i in G| is a maximal oonq[MCt subgroup K^ in G, we may 

i compute the above integral by usint! the Cartan decomposition. C| = K^A^K^. It a, 

\ denotes the generic element of A| (with an upper 2 by 2 block of chr and shr) we obtain 

I (2ir) 



and: 



= ^T^^^^l*"" (^'"'> / »t chr)e-"»^'"*'^'»''" sh^ 'r dr. 



Hence 



/(li.) = ^ — 

2''''(2iT)*'' Y((q/2) +1) 

X f //,(V2^p,chr)e-'"''**'sh*-'rrfr. 
■'o 

We now ccmipute 

/(li) = f //,( V2ir »i chr)e-^'*'^"'' sh^ 'r dr 

by first computing its Mellin transform M.l{s). We have: 

JIIH(s) = [ [ H,(V2ti chr)e sh'-'r dr y.' — 
*'0 u. 



,(V2Tr p. chr)e-**'»**^p.' — sh" 'r dr 



=//«, 

•'o ■'0 

(2tt) Jo Jo * I*, (chr)' 

(2iT)"' Jo ' ft Jo (chr)* 



i 
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To obtain die first integral we have only to note: 

H,{ii)e — = (-ir — e M.' — 

= is- ms - 2) ... (5 - 9) 2 j- 

As for tbe second integral, we leave to the reader the verification of the following 
formula (substitute / = ch^): 

(chr)"(shr)'' dr = — . 

We then obtain (with a = - s, b = q — I): 



[ 



(shr)*-' ^( 2 i^Q 

dr = — 

0 (chr)' ^n/i :L' 

2 



and accordingly (using the duplication formula for F): 



^^<*) = - - 2) ... (5 - 9) — -f - r(|) 

(2 it) - r(j) 

and fmally 

From this we obtain: 



/(M.) = 2*-'r(|)e-^"^^ 



^2> 
and 

K(a;,e,)=/(M.) = »t-"^e-"^- 
Hence if X = we obtain: 

X 

Now letting p. we obtain: 

k'(/v,X«i) = K(M..Xe,) = M.""'e-'^'»'^' = v-^e"'^**" 
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Using the iransfonnatioii law under N and multiplying by v'*"* we obtain k'(t,x) = 
e**^^ and the lemma is proved. 

It is somewhat surprising that the formula for k(t, x) for general n follows from the 
formula for n = I by a simple formal aigument. This is one reason for introducing the 

topological considerations of the beginning of this section. 

Let |x = { fX| . |JL. he an //-tuple of positive real numbers and let represent 

the matrix in A' with these diagonal entries. We have: 

- (|ii|t2. . |i,r''^i(2.|t,f,) A ^id.itiei) A ... A $i(2,p,tfj. 

Main Lemma. 

K(a;,e) = K(fl;,,e,)K(a;^,tf2) ... K(a;^,,e.) = fl jir'^e""*? 

Proof. By Lemma 111.3.3 it is sufficient to prove that the form given by: 
= ... |i,)-"«e'<'*^»^i* ••*'*J'««)9(2.e) 

satisfies for any I -invariant closed form i] on T^VD,: 

We define an (n — 1)^ form 4>m-i on D by 

We consider the integral: 

/» = f T| A 4>,_, A »i;""'e"^-(p,(z, li^e,). 
We define a foim 0.-1 on r,,\D by: 

0.-1 = 2 7*«>.-i. 

We claim lAi-il is a bounded function on T,^\D. To see tfiis we introduce one more 
function, a partial Gaussian F defined by: 

f(^) = e-'"2<|)r-«m*,|i+...+|)r-i|i,_ir,_iP) 

Of course F depends only on e m(xl K. Out claim will be established if we prove that 
F satisfies the following three properties: 

(1) £ CF for some constant C 

(2) 2i;m,^ F(yg) conveiges for geC,, 

(3) FigxOrk) is a non-increasing function of r where g = g\ark is the Beiger 
deocmipositim (see Rossman [17], page 169) with gieC«., ktK and as below. 
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Here a, is the element of G defined by: 

Or^i = e, for / ^ /J or / ^ p + 1 
Ore, = chr + shr 
flr^p+i = shr e„ + chr *p+r. 
We leave (1) and (2) to tlie reader and prove (3). We note: 
FigiOrk) = e'**'^"'*' 

Property (3) then follows from the easy observation that if .re V satisfies (r. e„) = Othen 
^ ||jr|p. (in the previous formula |j || denoted the norm for the basic majorant 

Now we compute I„ by folding and unfolding the integral with respect to F,^. 
/. = f 11 A <!>,_, A "' -e'^^-^p.lz, ix.„e„) 

= f n A a.., A |i.;'"''e"^«9,(z, Ke.) 

= f /^t-nAa.,) 

= / A <!>,_,) 

The next to last inequality follows from the previous lemma and Lemma III.3.3. 
Hoe I, denotes the inclusion of D,^ into D or any quotient thereof. 

We now i^ly Lemma 111. 1 .2 which allows us to conclude diat i*$(z, e,) = <p'(z, ei) 
fori= 1, 2, . . . , II - 1. Thus Ae last integral above is in fact die integral for die 
smaller orthogonal group SO(p - \ .q). Continuing in this way we obtain die lemma. 

The formula (5) will follow from the next lemma. 

Lemma 1II.3.7. 

k'(t,^) = e""-*^' where (x,x) = 2p 

Prow. We have: 

kK,«) = (|i,|t2 . . . M,.)-«e-'<''^'^^ 

Hence, by Lemma 111.3.5: 

K(u,e) = (det nr'^e"""- for u e CL*{H) 

Let 2p be as above and write 2p = 'uqUo for Uo E GL*iU). Then, by the formula 
(A), we have: 
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k"(«,2P) = K(//,t'Wo) = (dct '•K(UitU,e) 
= (det K)'"'2e 
= (det i,>"'«c-"'*'- 

Letting v = 'uif we obtain: 

K'(iv,««o) = K(u,euo) = (det ^y ^e = (del v) '^e '"*'' 

Using the tnuisfonnation law under N we obtain: 

K(g;,p) = (det vr'*e'*">»' 

Hence: 

k'(t.x) = e'"'**^' 

and 

K'(iv,jc) = e"''^' 

With this the lemma is proved. Substituting ttie vidue obtained for k'( jv,jr) into ** we 
obtain the required formula for 0^(0(11)). 
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ON THE EXISTENCE OF RESTRICTED K-LIMITS 

BY 

URBAN CEGRELL 

Abstract. The purpose of this paper is to generalize the Lindeldf- 
Cnkk Iheofein. 

1. Introduction and notation. Denote by B " the unit ball in C" and by H{B") 
{H' (B")) the (bounded) analytic functions on 8". 

A Gootiiiuoiis curve T: [0, 1] B' is called special A^EdB' if r(r) E B', / E 
[0.1[;r(l)-€andif 

ir(/) - (r(/).o^P 

; — — -♦0. f-» 1. 

Fbr >1 > 0 we define an approach regim 

DAi) = {z e B"; |1 - {z,0\ < f (I - \z\')]- 

Definition. A functioa /defined on is said to have a K-limit at | E dB" if 
Um {/(z): 2 E DaH)) exists for all A. 

Koranyi [4] showed that if/ £ // '(fi ") the n/ has K-limit for almost all 4 E dfl"( with 
respect to da, the Lebesgue measure on dB"). 

On the other hand, we have the following example: 

Example 1. (Cirka [2. p. 631]). Put/(r.a)) = (uVd - then/G //'(fl") and 
/(z.O) = 0 so the radial limit of / at ^ - (1,0) equals zero. But / has no K-limit at I. 
Choose c G ]0, 1[ and take r(/) = (r,c Vl - /-). Then AFi/)) - c- and since 
|1 - <r(/).C)| = |I - r|, 1 - |r(/)P = 1 - /- - c-(l - f) we have 

|l-(r(/).0| (1-/) 1 

1 - |r(oP (1 - t'Ki - c^) (I + 0(1 - c') 

so 

r(f)eDvn-r»,(i). Vf e[o,i[. 

To avoid this we follow Cirka [2], and introduce restricted approach regions and limits. 
Let A > 0 and g(t) a positive decreasing function with 

Reoetved by the editoni February 9, 1982 and. in fiiMl leviMd tionii. Aprii 4, 1984. 
AMS Subject Clas.siricaiion (1980): 32 A 40. 

ReMWch pHtUly supported by the Swedbh Nrtunl Scieaoe ReMnch Council. 
O Qndiai M a lwiMt kd Sodety 19M. 
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Urn git) = 0 (*) 



#-.1 



Put 



Each set is then called a restricted approach region and if/is a function defined 
on ^ so tfiat 

lim{/(r);-- £ /?, ,(4)} 

exists for every restricted approach region /{a.„(4)> then / is said to have a restricted 

K-limit at 6- 

The Lindeiof-Cirka theorem [5j, [2J now reads us follows. 

Theorem 1. ///e H'iB") and (f Urn /(HO) exists for a special curve Fit) with 
r(l) = ^ then f has a restricted K-limit at 

(in particular, lim {/(z):z E K} exists where K is any cone in B' with vertex at |). 

We shall generalize this theorem for/G H{D^(^)) in the case where r(/) = t^, i.e., 
we shall assume that / has a radial limit at ^. 

Observe that, if n ^ 2 and if /has a restricted K-limit, then /has a tangential limit 
in cotain directions. The curve 

r(/)-(i,(l -ry'), /E[0, IJ 

shows this. 

2. The extremal ftindion. Let 11 be a bounded and open subset of C" and put 

F = {if>e PSHiny, <p < O. lim «f)(r') exists Vz e dil}. 
if £ is any subset of H we define the extremal function ht by 

hsiz) = sup {<p(z); 9 e F, <p £ - 1 on £}, z € H. 
Denote by M^, z £ O, the class of positive measures ft on ii such that 

Lemma I. For every compact set Kin (I and every zER^re is a ii^GMt so Aat 

Proof. Proposition 2:1 in Cegrell [1]. 

Lemma 2. Assume that (1 is convex and that jji,, G M.^ where ^,v-* +»and 
that i is a strictly convex boundary point. Then lim p^(K) = 0 for every contract 
sidfset of CI not containing ^. 

Proof. The assun^mi implies that there is a convex function <)f on (1, continuous 
up to the boundary such that = 0 but i^(z) < 0 for z € H \ {|}. Since convex 
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functions are pluhsubharmunic, the inequalities v|<(z,) 2 / v E proves 

Lemma 2. 

3. The case /i = 1. It il is un open unci bounded subset of the plane, then the 
extremal function /t£ (£ C H) is harmonic on il \ E. 

Proposition 1 . Let VI he an open, bounded, convex and symmetric subset of the 
plane and let I denote the segment cfsymmettry. If E is the part of dSl that lies on one 
given side of I then /lel/ = 

If K is any closed cone in O with vertex t E / O dO such that K \ {|} fl B(|, r) 
C n for some r > 0 dien tfieie is an e > 0 so that 

K n fl(ie) C {2 6 H; h,(z) s -€>. 

(^(4,e) is the ball with center ^ and radius €.) 

Proof. The fhvt port follows easily from the qrmmetry and the seomd part is proved 
by repealed use of symmetiy. 

Proposition 2. Let Kbea closed convex cone with vertex | and I a line segment in 
K? em^int i /// S H"(K' n B(i, r))fbr some r>Oand if \im {/(z) : z € /} 
exists Uien \im {f{z):zGK'}ejdsts fin- every closed cone K' in K^'dk) withverux 
at I 

Piroor. (By a wellknown mediod). We can assume that |/| ^ 1 and that lim {/(z) : 
z E 0 = 0. Let K' be given and choose c > 0 as in Proposition 1 . For z E K'Tf c) 
tfiere is a lit E ilfj widi ^ €. If we let z tend to | in K' we get 1^ Lemma 2 
/ log 1/(^)1 <l|*.(t») - -00, z |. But since log |/(z)| s / d)i, so 

Hm {/(z):z E K'} - 0 which completes the proof. 

&(AMPtB2. PtaposMion 2 cannot be generalized to bounded harmonic ftnctions. L^ 
£ be die part of the unit circle in die lower halfjplane. Then hB= on die real axes 
(by die observatk>n in the beginning of this section). The restriction of ^ to segment 
of y « X - IIbB' does not exceed - 1. Thus Aff has aradial but not non-tangential limit. 

As pouiied out by J. C. Taylor, die next lemma is a consequence d Hamack*s 
inequality. 

Lemma Z. Let h be a positive harmonic function on DaH) » {z E JS'; || - z| < 
(A/2) (1 - |zp)} (€ E di»'). // sup /i(r|) < +oo then sup h(z) < +oo^r every 

J^t 0<r<l »e04.(t) 

4. Statement of flie theorems. 

Theorem 2. Let A > 0 and g with property {*) be given. Assume that 
{\)feH{DAO) 

(2) sup{|/(«4)|:(o eB\ < ^} < 

(3) 1/1 has a pharisuperharmomc migonmt i)f mch tiutt 
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Urn U(»C)g(|u>|)"^:«» e B'. ^ < 4} = 0- 
•-►I ^ 1 — j(,>|- I y 

//Urn / (r^) ensts, then Hm {/(z):z e /f^ J exists for every A' < A. 

Rkmakk. Related results have been obtained by Cima and Krantz in [3J. However, 
our results also apply to non-normal tunciions, e.g. 

Z^(l -2,)-'iOg(l/l -Z,). 

Corollary 1. Assume thatfE H\B'') (i.e., \f\ has a harmonic majorant). Then 
l'ni/(r€) =/♦(?) exists a.e. (da) on dB' andf* G L' (da). // 

r-*l 

< +00 



sup [p(rtt|)|/*(Ti)|da(t|) 

0<r<l 



0<r<l 

where 

(1 - 



1(1 - <z.t,»|»- 
and If lim /(r|) exists, Hien f has a restricted K-limit at ^. 

r— I 

Proof. It follows from Koranyi [4] and Rudin [6, Tbeorem S.4.12] that |/J is 
iwunded in every D^{ii). Thus, Theorem 2 applies. 

THfiOREM 3. Assume that 

f . \^ - ^\ A^ 

(2) sup |/(<oC)| : a> € — < - < +» 

I — |co|' ^ ' 

(3) I/I has a plurisuperharmonic majorant ^ such that 

Urn {g(t + 8(f - l))*^^(ti) :t e R} = 0 

for some 0 < 5 £ 1. 

if lim /(r|) eidsts then lim {/(z):z G i?^.,} «cwl» ji>r every i4' < A. 

CoROLLORY 2. AjjM/wf //w/ / E //(D^(^)) a/Jti //w/ |/| /lui u plurisuperharmonic 
majorant tji o/i D^C^) •rucft fftof 

sup »|»(4'') < +». 

0<f<l 

// lim / (r|) exists, iken lim {/(z) : z G i?^'.,} exists for every A' < A. 

Proof. Assumptions ( I ) and (3) in Theorem 3 are clearly fulfilled. It remains to prove 
that (2) holds. Denote by U the part of the complex line through zero and ^ that is 
contained in D^d)- restriction of (j* to (/ is superharmonic (and not identically 
Henoe, dme is a hvinonic function A on {/ so that 



|/(z)| < hiz) ^ .|i(z). Vz e U. 
An apglktlkin of Lanma 3 gives (2). 
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5. Piroof of Tlieoraii2. LttO<A'<A and a sequence E Ra^, lim = ^ 
be given. To prove the theorem it is enough to prove that lim f(z,) = lim /"(r^). 
Consider for \ E C, (I - \) (2^.4)4 + ^^i" This point is in £>^(.4) it and only it 

|l - {z„i)\ < j{l - 1(1 -X)<r„|>| + Xr,P) 
\MH + X(z. - (z„^>C)p < 1 - 7I1 - 



A 

~ A 



O Kz„4)P + |xP|r, - (z,.O^P < 1 - 111 - (2.. 4)1 



k-<2,.4>4P 

But since z„ E /J^-.^, we have 

|l-<z.,4>l<y(l-|<z,,5>P) 
so the right hand side above is not smaller than 

-^(1 - \U..0\') - +1 (1 - ^)(i - K2,,4>P) 

which in turn are not smaller than 



again because 2» E 
Hence, if 



! it follows that 

T(X) = (1 - X)(2„|)4 + Xz, E D^U) 
' so/CfCX)) is analytic in 

and Cauchy's intend formula gives 

1 f /(T(X)) 
2irf -'w-[(i-^)-aiTJ X(X - 1) 
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Hence 

|/(T(X))| 



(0 



The right hand side of (/) equals 

^(|z.l)'->((z.,oe) 



(i-^)"^-.(kr 



^0, v-> +00, 



A 

by assumption 3. Thus, 

/(z,)-/«z„€>€)-*0, v-^+oo. 

Now. by assumption 2, wc can apply Proposition 2 and we have that lim ('{{:,.. ^)^) 
exists and equals lim / (r^). Thus, lim /(2„) = lim J\r^) and the proof is complete. 

6. Proof of theorem 3. Let I < A' < A be given and choose A'\ A' <A" <A and 
let K| and K: be two cones with vertex at 1, symmetrical with respect to the real axis 
and so that 

[u>eC;|l -u>|<Y(i -|a)P)}cK, 

5K2c{a,eC;|l -a>|<y(l - |a,|^)}. 

From now cm, we think of z € B" to be close to ^. For z E Ra ,, dmote by fa the 
non-negative number such diat <z,|) — U 1 BKi. Consider, for t) E C, 

L(ti) = z + ('n + /, -<z,^>H. 

There is a real number K > 1 (K independent of r) so that if \r\\ < K|(r,4) — /_-| 
then Ti + £ and a calculation shows that then L{t\) £ R^-.g for every fixed A"\ 
A" < A'" < A. 

Let now P be tiie Poison konel for some smooth simply connected dcmiain D C 
{n E C; lul < K|<z,€> - t,\} ccHitaining <z,^) - and zero. Then 

|/(Lc(z. 4) - /J k) - 4)4)1 

< f |/(L(Tl))-/(a(Tl),e)e)|P((z.4)-'r,Tl)da(Tl) 

£ (Hamack's inequality) 

^ C \ |/(L(t|)) P(0, tl) da (tj ) :s (/) 
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♦«L(il).i>|)P(0.i|) 



^C-C, sup g(|L(t|)|)' - f 4'«W.4H)P(O.Tl)da(T|) 

^ C-C, sup«(lL(T|)|)'-»|;(a(0), 4)4) 
= C-C, sup «(|L(t|)|)'«i|»(a). 

»D 

The constant C (that comes fnmi the Haniack inequali^^ 
and not 00 the scale. We can thus take dD to be an ellipse with focus 0 and <z, i) - 
r< so that 

|ti + /,| ^ /, + 8(f, - 1), Vtj e w. 

Wefmdtfaat 

1/(2) -/«z.5>l)l = l/a«z.€> - 'r) -/a(«z.€> - tXi))\ 

< C-g(/, + 5(/, - I))' -^0. z t 

and the proof is now finished in the same way as the end of the proof of Theoiem 2. 
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RESIDUAL CANONICAL CORRELATIONS 

BY 

ANANT M. KSHIRSAGAR AND R. P. GUPTA 



Abstract. Residual canonical comlatkms are defined and aie derived 

in terms of canonical correlations. Some measures of residual association 
arc :ilso dolineil. in terms of the resiifaial canonical comlatioaa and some 

p»)SMblc applications arc suggested. 

1. Introduction. The sample canonical coirelations ri.r. r between two 

vector variahies x and y {x of p components, v of q components, with p q without 
loss ot generality) are measures ot association between them, and are fairly well known 
statistics. In many situations, however, one needs to eliminate .v (.v < p) specified linear 
functions of x and obtain measures of the "residual" association between x and y, that 
is left. These functions mi^ either be known to the expnimenter from prior information 
or might be under consideration for r^lacing the p jr-variables by a smallor set. One 
needs these measures in Discriminant Analysis, Contingency Table Analysis, Econ- 
ometrics and many other fields. The reasm for elinunatii^ s ^iven finctions may be 
that they are {piorily known to be irrelevant or it could also be that it is conjectured 
diat these specified functions are the only ones that contribute to any meaningful 
association between x and v In the latter case then, the conjecture or hypothesis may 
be tested by the significance of the "'residuar* canonical correlations. In the former case, 
the residual canonical correlations are "refined" or "revised" measures when irrelevant 
functions are eliminated. 

The idea of residual canonical correlations is originally due to Williams [5] (see also 
Kshirsagar [4]); but he introduced it only for the qwcial case of « = 1. We consider 
this in a more general context and also develop some **overall** measures of residual 
association. 

2. Residual canonical correlatkms. Let us denote by , , Cyy the matrices of 
the conected sum of squares and products (S.S. & S.P.) of obfi^alions on X and and 
based on n degrees of freedom (d.f.). This notation is due to Baitlett [1]. We dull 
further denote by C,,., the matrix 

(2.1) Cxx CxyCyy Cyx- 
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which is the matrix of the "residuar S.S. & S.P. in the regntsioo of x m jr. Let 

4 = L'x, where L hp x s. of rank s, denote the specified s linear functions of .t, which 
are to be eliminated. Then we have the following Analysis ci Dispcmoa table: 



Table 



Source 


d.f. 


S.S. ft S.P. matrix 


Regression of y on ^ 


s 




Regression of y on x, 
given % 


p-s 




Residual in the regression 
of jronx 


n-p 





Total n C, 



The usual unrestricted Canonical Conelations r,ii = 1, . . . ,p) between x and jr are 
obCamed from the roots of die determinantal equation. 



(2.2) 
or 

(2.3) 



■r-Cyv + CvxC.„ CJ = 0, 



Id - r')C,, - C„.,| = 0. 



Correspondingly, we define the restricted canonical correlations <^jij = I, ... ,p — 5) 
between y and x, when L'x is eliminated, to be obtainable from the equation. 



(2.4) 



or 



(2.5) 



\-^'Cyy.^ + (C,,.4 - Cy,.J,)\ " 0 



1(1 - V)Cv £-C„ .|=0. 



Williams [5], in the particular case a' = 1 . defined thcni alternatively as the principal 
semi-axes of the {p - D-dimensional ellipsoid obtained by the intersection of a 
p-dimensional ellipsoid and a hyperplane. However, in our case one would be dealing 
with a (p - j)-dimensional eUqMoid obtained by the hMene^ion of a p-dunmsional 
ellipsoid with a (p - 5) dimensional hypoplane. 

To expnsi the <|»j in terms of the rf and |, we assume whhout loss of generality diat 
die x*s and y*8 are sample canonical variables, so that widi die usual convention of 
scaling, we have 



(2.6) 



Cgg fflpy ^yy ~ '^f 



L r, 0....0J 
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where D{ai} will denote, in future, u diagonal matrix with diagonal elements 
a,,a2t ■ .a^ and 0 will (tenote a null matrix of appropriate order. We also assume, 
without loss of generality, that the matrix L satisfies 

(2.7) L'L = 1„ 

so that the s q[)ecified functions aie orthononnal. Then 

(2.8) ;^- = '*-[-F-ioJ 
and 

(2 9) ic J \ '>{n}LL'D{r,}\0 ] 

Therefore, (2.5) reduces to 

(2.10) 1(1 - <|>^)(/, - D{n}LL'D{n}) -I,- D{ri}\ = 0. 
This can also be expressed as 

(2.11) |D{4)- - r;} + (I - i^')D{n}LL'D{n}\ = 0 
Simplifying further, (2. 10) or (2. 1 1) becomes, 

(2.12) |Z){<j>^ - r^}\ + (1 - ^')D{—^\LL'D{n} 

We now use, 

(2.13) \lp + PQ\ = \l. + QP\. 

where P, Q are matrices of order p x s and s x p, req>ectively. This is 

(2.14) k + (1 - 4»')^'d{— ^IlIII (<|,2 - rf) = 0 
Using (2.7), this can also be wntten as 

(2.15) k^t '^A' " 2^ ki H - = 0- 

The squared residual canonical correlations ^jU - I, ... ,p - 5) are the roots of the 
equations (2. IS). 

3. Measures of Residual Association. In the statistical literature, 
1 rl 1 — n (1 - r?) 

are some aitbc important measures of association between x and j. Actually, die last 
one is a measure of lade of association. We, dierefore, propose 



= 0. 
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J_ /»-' 
I 

(3.2) S. = 2-^-S 



(3.1) Sx^Zr]-J,^] 



1-rf ^\-^, 

(3.3) = 11(1 - r,:^)/ll(l - <J);) 

as measures of overall residual association (or lack of association) between x andyt 
when 6 is eliminated. We shall now express V,. 5:. 5, in terms of r- and ^. 
From (2.10), we observe that 1 - <)>J are the eigenvalues of the matrix 

(3.4) (/, - D{r,)LL'D{r,}r' (/, - D{rf }). 

Hence, defining = 0 for y > p - s, and using tr for trace of a matrix, 

(3.5) id- 4>;) = tr [(/, - D{n}LL'D{n}r% - D{r?})] 
Again, observing (see for example, Gniybill [2]) 

(3.6) (/, - D{ri]LL' D{r,})-' /, + D{r,}L(/, - L'D{r^}L)-'L'D{r,} 
Substituting (3.6) into (3.5), one gets 

(3.7) 5, = 2rf - = tr [Z>{r,}L(/. - L'D{r?}L)-'L'D{r,}(/, - D{r?})] 

= tr [L'D{rMlr - D{r:}D{r,}L)(I, - L'D{r;}Ly'] 

= tr [L'Z){r;)(l - r-)}LiL'D{i - ri)}L)^]. 

wliere tr » tr BA and L'L » /«. 
Similarly, from (3.4), 

II M - 4h - l^'-^^" 

V ' i/, - owtL'owr 

and, therefore, using (2.13) we get 

n(l - r;) , . 

(3.8) 53 = ——r = \L'D{1 - rf)}L|. 

11(1 — pj) 

To find 52, we let 

(3.9) '•*'=T-h. = 



1-rr ■' !-4>; 

Then from (2. 10) or (2. 1 1 ). we obtain, after some algebra. 

(3.10) |-4»*'/,. + Oirf'} - D{(1 + rnn}LL'D{rM = 0 
So, it follows that 

(3.1 1) S<|)f = tr [D{rn + D{1 - r*')r,}LL'D{n}l 
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or that (using tr AB = tr BA), 

(3.12) S2 = lrT' - X>^*' 

= tr [D{(1 + rr)n}LL'D{n}] 

= tr[L'D{r?(l + r*-)}L] 
= tr(L'Z){r,-/(l - rU}L). 

4. Some applications. If we consider a{p + 1) x + 1) contingency table with 
nij as the entry in the (/, »-th call, and if we denote by jc„ yj the diuniny variables defined 
by 



fl, if a 

lo, otht 



a member belrags to die i-th row class. 



otherwise (i = 1,2, . . . ,p + 1) 

member belongs to the y-th column class. 



otherwise (j = 1,2 q + 1), 

and carry out a canonical analysis between x and jr, it is well known that (see, for 
example Kendall & Stuart, [3j) 



2 



(4.1) nir^- = x 

Where is the usual dii-square statistic for testing the ukfependmce of the row and 
column attributes, and n is die total ftequency. Here rj{i — 1 , ... ,p) are the canonical 
conelations between x and jr, excluding die root 1, which is always presmt in such a 

case, since Sjc/ = iyj = 1. If we quantify the row categories, according to some 

specified scores Oi, O: a,, 1 1 and wish to find out how much residual x' is left out, 

for testing the goodness of these conjectured scores, we will have to eliminate two 

specified functions, one corresponding to the irrclcvent scores (1.1 1) leading 

to the irrelevant root, and the other corresponding to the hypothetical scores 
(UiyUi, . . . yOp) and use our above theory of residual canonical correlations to find 
and enq>loy 

nSi = n(Xri - 2<|)J) 

to test the significance of the residual association and if this is insignificant, the 
hypothesis of goodness of fit of the proposed scores is tenable. Bartlett [I] gives a 
numerical illustration of such a situation, where blood serological data are analysed and 
the goodness of fit of equidistant scores like (1,2,... ,p) is tested. 

In discriminant analysis widi several groups, one can Miploy this technique to test 
die goodness of fit of 2 or more hypothetical discriminants. Williams [6] has given an 
example, where the relationship b^een certain physical variables about lamb car- 
casses and two factors, giade and weiglit is considered. In the response surface which 
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expresses this fdtalkMMliip, he tests the hypothesis of the significaiioe oioaiy the mam 
effects €/[ these two foclon. The main-efliBcts can be represented by three qiecified 
functions and the hypodiesis then can be tested by die significanoe or otherwise of a 
statistic like 5|. 

ACKNOWLElXiEMENTS. We are grateful to the referee who nuide some very valuable suggestions to 
iinplow die psper. 
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MORE ON CONVERGENCE OF CONTINUOUS FUNCTIONS 
AND TOPOLOGICAL CONVERGENCE OF SETS 

BY 

GERALD BEER 

Abstract. Let C(X,K)<leiK)te the set erf continuous ftinctions from a 
metric space X to a metric space Y. Viewmg elements of C(X, Y) as closed 

subsets of X X Y. we say { f ] cdtiverL'es tupdldtiically to / if Li /, = 
Ls/„ =/. If X is connected, tlien topological convergence in C(X,R) does 
not imply pointwise convergence, but if X is locally connected and K is 
locally compact, then topological convergence in C(X. Y) is equivalent to 
uniform convergence on compact subsets of X. Pathological aspects of 
topological convei^gence for seenringly nice spaces are also presented, 
along with a positive Baire category lesuU. 

1. Iirtrodiiclkm. Let {X,dx) be a metric space and let {C„} be a sequence of 
nonempty subsets of X. The lower and upper closed limits of {C^} are defined as follows 
[3]: Li C„ (resp. Ls C«) is dte set of all points x each neighborhood of which meets all 
but finitely (resp. infinitely) many sets C«. We say {C.} converges topoh$icalfy to a 
(possibly empty) set C if Li C„ = Ls C, = C. If {Y,dv) is another metric space, then 
we can regard members of C(X, Y), the continuous functions from X to Y, as closed 
subsets of X X Y. What does convergence of sequences in CiX, Y) in the abtwe sense 
mean? The relationship between tof)ologicai convergence in C(X.Y) and uniform 
convergence is explored in [2]. Here we consider in detail topological convergence 
versus pointwise convergence. In general both pointwise convergence and topological 
convergence in C(X, Y) are weaker than HausdcHff metric convergence of graphs 
(induced by a metric compatible with die product uniformity) which is, in turn, weaker 
than uniform convogence. However, if {/«} converges to a uniformly continuous 
function / in the Hausdorff metric, dien {/,} actually convokes uniformly to /. In 
particular, if X is compact, then the Hausdorff metric on C(X, Y) is topologically 
equivalent to the usual metric of uniform cmiveigence [4]; this equivalence has been 
the basis for a number of papers in constructive approximation dieory by B. Sendov, 
V. Popov, and their associates in Sofia (see, e.g., [5], [7] or [8]). 

The relationship between topological convergence and pointwise convergence for 
general .Y and K is a tenuous one. However, if X is locally connected and Y is locally 
compact, the situation can be described precisely: topological convergence in C(X, Y) 
means unifwm convergence on compact subsets of X. 
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In the sequel ( 1 ) 5, U J wiU denote the Open baU of ndios c dwitt a poim JT m 
space, (2) dianKA) will denote the diameter of a setii, (3)A will denote the complenient 
of A. 

2. Results. We first resolve a simple question. Undn* what conditions on X and/or 
Y will pointwise convergence in C(X, Y) fence topological convergence? Essentially, 
X must be discrete. 

THEMEM I . Lei {X. dx ) and (K, dr) be metric spaces. IJ X is discrete then pointwise 
amvergence in C{X, Y) implies topological ctmvergeiKe. Conversely, //C([0, 1], Y) is 
notttrMal and pointmse convergence in CiX^ Y) implies topological convergence, the 
X is discrete. 

Proof: Let X be a metric space without limit points. Suppose {/„} C C(X,Y) 
converges to a continuous function / pointwise. Inunediately, we have / C Li/„. To 
show Ls/„ C /, choose (x,y) off/, and let 8 = j min {dx{x,X - {jc}), driy,f(x))}. 
Smce ]im/.(jr) »/(x), eventually driyJM) > h. Thus 5»[jr] x SM is a neigh- 
bofhood of (jc, y) diat meets at most finitely many members of {/,}. We conclude (jr, y) 
^ Ls/,, whence Li/, - Ls/, =/. 

Conversely supposed is not discrete and C([0, 1]). Y) is nontrivial, i.e., that exists 
<p E C([0, 1], n such that ipCO) * (p(l). We construct a sequence {/,} in C(X, Y) 
convergent pointwise to the function identically equal to (p(0) on JIT that fails toconveige 
topoiogically to /. Let v,, be a limit point of X and let {jc,,} be a sequence in X convergent 
to xo such that for each n, dxixo^x^+i) < dxixo^xj. Set a. = dxiXf^x^) and defme f, 
EC(X.y) by 

ip[-dxix,Xo)) if 0 S dx(x,Xo) ^ a„ 

9^2 - ■^dx(x,Xi))j it a„ < dx(,x,Xo) < 2a, 

<P(0) if dxix^xo) > 2a, 

Notice for each x in X eventually f„(x) - <f(0); so, {/,} converges to / pointwise. 
However, {(x„,f„{x„))) converges to (j:o.9(1)). whence {/„} fails to converge topo- 
iogically to /. 

For general X and K we can identify well-behaved sequences ui C(X, Y) for which 
pointwise convergence ensures topological convergence. 

Dernition. n C C(X, Y) is called pointwise equicontinuous if for each x G X and 
each e > 0 there exists 8 > 0. perhaps dependent on jc, such that wheneva:/£ H and 
dx{x,^^) < S then dy{f{x)J(w)) < e. 

ThBOREM 2. Let {/,} be a pointw ise equicontinuous sequence in C(X, Y) pointwise 
convergent to a continuous fimctUmf, Then {/«} converges U^tologically tof. 

Proof: Since/C Li/; , if topological coovogenoe does not occur, then we must have 
Ls/; ^ /. Pick (jc,y) e Ls/; -/and choose e < My*fix)). By pomtwise equi- 
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continuity there exists 5 > 0 such that for each n, dxiw^x) < 8 implies 
dAMw),Mx)) < €/3. Choose € so large that </y(/.(Jc),/(jc)) < c/3 whenever 
n>N. Since € L&/,, there exists n> N andw G Si[x] such that dAMw)^ y) 
< e/3. Tog^ho* diese facts yidd df(f(xy,y) < e, a contradiction. 

If X is locally connected and Y is locally compact, dien the converse of Theorem 2 
holds. 

Theorem 3. Let X be a locally connected metric space and y a locally compact 
metric space, if {f,} C C(X, Y) conveiges tqwiogically to a continuous function/, then 
{fa) converges pointwise to /and {/,} is pointwise equiomtinuous. 

Proof: Suppose for some jc, {Mx)} fails to converge tof{x). Then there exists c > 
0 and a subsequence {/^} of {/;} such diat for each </y(/^tU),/(Jc)) ^ c. Also, since 
Ufa =/thcre exists a sequence {(w^^fa^iwk)} convergent to (jc,/(jc)). Since is locally 
connected, by passing to a subsequence we can assume that jr and M^t lie in a common 
connected subset of A' where lim diam(C4) = 0. Choose e* < e such that E = {y: 
M y,fix)) = €*} is compact. For all k sufficiently large, dyifn^iwt),/ (x)) < e* so that 
/„(Ci) meets both {>-: dyiyjix)) < e*} and {.v: dy(yj{x)) > €*}. Since each set 
/,j(Ct) is connected, all but finitely many sets /, (O meet E. Since E is compact, 
Ls(/, (C<) n £) is nonempty. Choosing a point v„ in this set, the condition lim 
diam(Ci) = 0 yields (.v, y„) G Ls /„ — /. a contradiction. 

Suppose now that {/,} is not equicontinuous at some x in A'. Then there exists € > 
0, a subsequence of {/„} and a sequence {zj convergent to x such that for eadi 

dY(fntUk),fniix)) 2: €. However, we know tfiat lim/^U) =/(*); so, witiiout loss 
of generality we can assume that for all ib, dyifatizthfix)) e. Arguing as in die ffast 
part of the proof witii (znffa^izt)) replacing (x,/,j(jc)) for each it, we reach a con- 
tradicti<Mi in exactiy die same manner. 

Example 3 of [2] shows that the local compactness assumption for Y cannot be 
dropped, even if X is compact. Example 2 of [2] shows that the local connectedness 
assumption for X cannot be dropped, again, even if X is compact. However, this last 
example is not completely satisfying in that X is not connected. Now the main result 
of [2j says that if X is compact and connected and Y is locally compact, then topological 
convergence in C(X,Y) ensures not only pointwise convergence but also uniform 
convergence, if X is merely connected and Y is locally compact, we cannot expect 
ti^lQgical coavagiaacc to force uniform ctMivergence (see Exanq[>le 1 of [1]). But does 
it force pcnntwise conveigenoe or pointwise equicontinuity? The answer is negative, 
even if K = i?. 

Example 1. In the plane for each n S Z' let £„ = {(jc,n + 1): l/(/i + I) 2S x S 
l/n}; also define A and B as follows: 

A = {(0,>):y^O} 

B = I (Jc, y): for some n E Z , x =' ~ and y 2: o| 
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Oeariy X-AUBU , is a closed connected rabsel of the plane that fails to 
be locally connected. We define f„:X-* Rby 

( 0 ifjr>-ory>n 
I n 

Mx,y) = \ n ifjrs-andy<n-l 
i ^ 

\ -ny + n' if jt ^ - and n - 1 < v < n 

Notice that the graph ot /, restricted to each of the rays v = 0, t = \/n. x = 
l/{n + \),x- \/(n + 2), . . . consists of a horizontal segment at height Ai, a horizontal 
ray at height zero, and a segment joining them. The ntt of the graph lies fai thexy frirae. 
It a easy to chedc tliat each such/; is coatiniious. Now suppose /denotes the zero 
function. Since/;(0,0) = n, die sequence {/,} does not convoge pointwise to/. Also 
{fg} is not pointwise equicontinuous at the origin. However, we claim {f,} does 
oonveige topologically to/. First, it b obvious tliat/C 11 f, and that ^i^ienever x > 0 
and ( jc, z) G Ls /,, then z = 0. No |MX>blems can occur on the y^is, either: if yo 2: 
0 and n - 2 ^ Vo, then whenever | y - y\)\ < I for all x we have either /„(.v, y) = n 
or/(jc, y) = 0. Thus, (0, yo, z) E Ls/. implies z = 0. We have shown Ls/, C/ C Li 

/. 

For arbitrary metric spaces X and Y if {/,} is a sequence in C(.V. Y) convergent 
pointwise to a continuous function /, then {/„] converges uniformly on compact subsets 
of X if and only if {/,} is pointwise equicontinuous. This obsetvation, in conjunction 
with a standard diagonalizadon aigument [6], is all diere b to die following version of 
the Asooli Tlieofem: Let X be a separable metric space, let K be an artritiary metric 
space, and let n C C(X, Y). Then each sequence {f,} in O has a subsequence con- 
vergent unifbrady on compact subsets of X to some continuous fimction if ^ 
(i) for each x. fi, v): x € O} has compact closure in Y. (ii) fl is pointwise 
cquiomtinuous. Theorems 2 and 3 now say that for aibitraiy X and Y uniform con- 
vergence on compact subsets implies topological convergence, whereas if .Y is locally 
connected and Y is locally compact, then these notions of convergence in C(X, Y) 
agree. The Ascoii Theorem translates as follows. 

Theorem 4. Suppose X is a separable metric qtace and Y is an arbitrary metric 

tpace. Let fl C C(X. Y). and consider the following statements . 

( 1 ) Each sequence in 12 has a subsequence convergent topologically to a continuous 
function. 

(2) n is pointwise equicontinuous and for each jc, = {g{x)\ gE. H] has compact 
dosure. 

Condition (2) ahvays implies cooditloo (I), and if X is locally connected and K is locally 
contact, then condition (1) implies oonditiott (2). 
Previous exanqries show duit condition (I) need not iropty eidMr suboondition of (2) 
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if X is connected and K = or X = [0, 1] and K is a Hilbert q>ace. However, 
separability of X is required to obtain conditimi (1) firom condition (2). 

Example 2. If A" is an arbitrary metric space, then by Zorn's Lemma there exists tor 
each e > 0 a maximal subset of X such that whenever {w.z} C ^4^ then dx(n ,z) ^ 
e. It follows that X C U{5([jcJ: x E AJ, so that if X is nonseparable some must be 
uncountable. Suppose such an y4« has cardinal number at least c (which would be 
guaranteed for mmsepaivble X by the continuum hypothesis). LeiK = {g: g: Z* — »■ 
{0, 1} and gin) - 1 infuiitely often}, andlet(p:i^'-^A«bean injection. For each ; in 
K set E(g) = {n: g(n) = 1}. For each n € let If, C X be described as foUows: 
JT e W, if there exists g, in K such that dxix, (f>ig,)) < e/3 and n has an odd number 
of predecessors in E(g, ). By the construction of A, the assignment gnOaW^is well 
defined. We now define /«: X — » [0, Ij by the formula 



Mx) = ■ 



1 ifJC^H^, 

Note that each is actually Lipschitz with Lipschitz constant 3/e; so, condition (2) of 
Theorem 4 is satisfied. However, no subsequence of {/,} can cmiverge t(q[X>logically, 
because each subsequence is of the form {/mh)] wh^ A is an order isomorphism firom 
Z* onto E{g) for some g E AT, and by construction 

Li/*,„n({(p(.u)} X [OJ]} = 0 

3. Points of convergence of a topologically convergent sequence. We first exhibit 
a sequence in C(X,R) for a certain compact metric space X that is topologically 
convergent to a continuous function but which converges nowhere pointwise. 

Example-. 3. Let X denote the usual Cantor set in [0. 1] and let f:X-*R denote the 
zero function. Since X is a nowhere dense subset of [0, Ij for each j E.Z' we can select 
j points {a,|,fly2» . • . , in [0, \] - X satisfying 

(1) fly, < 0,2 < . • < ajj 

j 

(2) U St,j[aj.] D [0, IJ 

Sct/U, 1) = [O.fly,]. /0-.2) = [ajuOfjl .... KjJ + 1) = [aj„ 1] and let 

<p: Z' {{J.ky. j e Z' , K & Z' and k < j + 1} 
lexicographically order the codomain. Denote (p(n) by U„ ik,) and define/.: X-*Rby 

xeiUnX) 



I 0 otl 



otherwise 

Since the endpoints of each interval I(j„,k,) lie in {0, 1} U ([0, 1] - X), each/, is 
contiiiuous. Since at each jr E X, {Mx)} exceeds one fitequendy, {/,} conveiiges 
nowhne pointwise to f. We claim, however, that U/, » Ls/, = /. First, since lim diam 
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v» 1 va 1 i/« 1 



FIGURE I. 



({x: * 0}) » 0» we have / C U/,. Abo. for each a > 0 the gnqphoof {/,} 
eventually all fail to meet X x (0, a), and it follows that Ls/. Cf, This establishes the 

topological convergence of {/„} to /. 

We can also exhibit an example of nowhere pointwise convergence in the context of 
Example 3 of [2]. i.e., X = [0, I] and Y = Hilbert space of square summable sequences. 
Heeding the advice of Professor G. Piranian that "one filthy picture is worth a thousand 
dirty words", in lieu of an analytic argument, we sketch the graphs of the first nine 
terms of a sequence {/„} convergent topologically to die zero flnctioii bat convergent 
Dowfaoe pointwise (see Figure 1). As in Examine 3 of [2], {eiz i G Z*] denotes the 
standard oithonoimal basu in the Hilbeit space. 

We next piesent a Baire citfe^xy result diat says that if X is complete and Y is 
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aibitrary and {/„} converges topologically to /, then / (jc) is a subsequential limit of 
{/„(jc)} at most points. 

Thk()Ri;m 5. La X he a complete metric space and let Y he any metric space. Let { /„ } 
be a sequence in C(X. Y) topoloiiically convergent to fin C(X, Y). Then there is a dense 
d subset E oj X such that for each x in E. j\x) is a subsequential limit oj {j„{x)). 

Proof: For each n E and e > 0 we fonn the closed set 

X 

A(/i,e) = n [x: dAfM)J{x)) s e}. 
>-» 

We claim that each such set is nowhere dense. Let j^b E e) and X > 0 be arbhraiy. 

Oioose \* < X for which dx(x,XQ) < \* implies dy{f(x),f{xo)) < e/2. Since Ls 
/, D / we can find j > n and x S X such that both dxix,XQ) < k* and 
dy( f (.Vu)../;(.v)) < e/2. It follows thaidy{ f{x). f,(x)) < e. establishing the claim. Next 
f(ir each pair of positive integers n and k let B(n, A ) = the complement of A(n, i/k), 
a dense open set. By the Baire Category Theorem 

X X 

£ = n n Bin^k) 

4 = 1 I 

is a dense C.s set. If x & E then for each n and k let j(n.k) be the smallest integer 
exceeding n for which/,,,, i,(.v) has distance less than \/k from /(.v). If we set /i| = 
i(l, 1) and for each ^ > 1 we let /i* = jin^-uk), we have lim /,.U) = f{x). 

A second look at die proof of Theorem 5 reveals that we really did not need die fiiU 
strength of Li/, = LsJi *=/, but only/C Ls/,. With this weaker assunqrtion, our result 

has a rather nice interpretation: if we can approach each {x,y) in /along some trajectory 

of the form {(.Vi./.^f .rj ))}, then we can approach most points along a vertical trajectory. 
Under the stronger assumption Li /„ = Ls /, = /. must there actually exist a subsequence 
of {/,} convergent to / on some dense Cj subset of X? The answer is negative, even if 
X is compact. 

ExAMPi H 4. Let (JL denote Lebesgue measure on the line, and let X be a Cantor set 
of positive measure in [0, I] as constructed in [6]. Note that for each .v,, in A' and each 
6 > 0, M.({.v: X E X and |.v - a:o| < e}) > 0. For each « E let V„ be the union of 
a finite collection of disjoint open intervals {W„,: i = 1, 2, 3, . . . , /:,} in (0, 1) such 
that 

(1) For each n and i £ A. die endpoints of H^.i lie in [0, 1] - X. 

(2) Fbr each n and i s A;. H^.i n X ^ e. 

(3) For each jc 6 X and n € there exists ySV^ such diat |jc - y| < l/n. 

(4) For each it, ^(VJ < l/n. 

By conditio! (1) each set V« 0 X is clopen in X. Define for each n^f,'.X-*R by 

fn if x^V, 

lo if xev. 
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Since V« O X is dopen in X, each/; is conlinuoiis, and conditions (2), (3) and (4) imply 
tfiat [fm] co n vciges topolog^cally to the zero ftmctkm. Let {f^} be an aiWmiy sub- 
seQuencC' of {/•}. For each k write A* for V,^ O X, denote the closed sec 0 ".^A, by D*. 
Oeariy, 

{jc:Iim/„{jc) = 0} = IJ B,. 

Now whenever /; ^ k vvc have flj C A„: so, condition (4) implies that lor all it, 
\i(Bk) = 0. Since intx(Bji) 0 would imply |x(flj) > 0. wc conclude that each /i* is 
nowhere dense in X. Thus {.v: lim /;,,(.v) =^ 0} is a set of first category in and since 

X is complete {x: lim f„^(x) = 0} contains no dense Gi set. 

We remark in closing that a somewhat simpler counterexample can be constructed 
for X = [0, 1 ] and Y = the Hilbert space of square summable sequences. We leave ttiis 
to ttie imagination of the reader. 
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TWO INEQUALITIES FOR PLANAR CONVEX SETS 



ABsntAcr. B. Gritaibtum, J. N. Ullhigton and fadely R. I. Gardner, 

S. Kwapien and D. P. Laurie have considered inequalities defined by three 
coocunent straight lines in the interior of a planar compact convex set. In 
this note we prove two elegant conjectures by R.<J. Gardner, S. Kwapien 
and D. P. Laurie. 



1. Introduction. Trying to establidi a conjecture of B. Grunbaum [2j, J. N. 
Lillington [3] came up wHh some interesting problems concerning the division of a 
planar compact convex set by three concunent lines. In [1] R. J. Gardner, S. Kwapien 
and D. P. Laurie solve a conjecture of J. N. Lillington [3] and propose die following 
two new conjectures conconing area inequalities for planar convex sets. 

Let X be a planar compact convex set and L|, Li, Ly three concurrent lines through 
the interior point 0, which divided into six regions with areas i = 1, 2, 3 (see 

figure 1). 

(Here and throughout we denote by |£ | the area of the set E. Values of / lying outside 
the set {1, 2, 3) are defined by i = i + 3). 
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We define 

\y.\ [YA \y,\ 
..... I^'l + , l^'l + M , M + M 
\r,\ \Y,i m 

R. J. Gardner, S. Kwapien and D. P. Laurie coqjectuied: 

1. Q{X) > 3/2, 

2. PiX) s 3. 

2. Proof of tlie lint cmiiediiic. We originally obtained a trigonometrical proof for 
die fint conjectuie using an affine transformation and high school mathematics only. 
Below we give another |»oof, following R. J. Gardner's, S. Kwapien's and D. P. 
Laurie's fcmnulatiiMi. 

ThBORBM 1. QiX) ^ 3/2. 

Proof. ThelineL, intersects X at the points p,,^,,/= 1,2, 3. Leti4| = q\P2^ P\(ii, 

Case 1 . Suppose O is an interior point of the triangle A\AiAi {see figure 2). 
Obviously we have 

(1) QiX) a eCAiAjAj). 

We use areal coordinates, setting 

/i, = (1,0. 0), = (0,1,0), = (0,0, 1) 

O = (xi, Xi. Xa). where Xi+ X2 + Xj = l^^iAiAsj = 1, x< ^ 0. We take to be the 
line 

X/+i - X/+I ~ MXi-i - X*-i). ^ > 0 

and 

An easy calculation gives: 

pUt = x*-i + Xi*i/K, p'l = X/ + (1 - jj;)x'+i» pUi = 0, 

^!_, = 0, fll = x< +(1 - ^)Xi-i. ^ Xi+i + A,X/-i. 

and 

= xK'^+i + (j^) - 1) 

(2) 

\AiPHiOqi-i\ = (Xi-i + Xi+i)^ - ^-iX<+i - Xf-i/^+i. i = 1. 2, 3. 
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These expressions were obtained in [1]. 
Now using the inequality 



(3) kta] + ^2 s 



/ci + ki 



whoe ill, Aij, ai, 02 € kt + ki >(i, v/e have 

X,-, 



Oil) v.xf,, + 



Consequently, from (2) and (3a) we obtain: 



or. 



or. 



We have now 

w [^]^ ^ i - — ^^^^ 

»-X/ + Xi^i-I Lx, + X/-iJ X, + x^^.Xx,., + Xi) 
and consequently 

V 2x,-iX/ii 
QiA^AM ^ E — — . 

<-i (Xi + X.+ i)(X.-i + Xi) 

We use now the known inequality 

(J) i — — 

i-i (X/ + Xi*i)(X* + X<-i) ^ 

and finally obtain QiX) 2 3/2. 

The equality holds if and only ifX is a triangle and L| , L2, are parallel straight lines 
through the centroid to the sides leqiectively. This can be seen by making use of (1), 
(3a). (4) and (5). 

Case 2. Siq^xfse that O is not an interior point pf tiie triai^le AiAtAs and Hiat O 
Ues in the angle Aitftiie triangle AiA2Ai. We can prove 
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Pruof. The straight lines through pi parallel to the line qiPi intersects Z<t. and 
AzAi at the points M, A3 respectively. The proof of theocem 1 in case 1 is indqien- 
dent of the angk i4| of the triangle AiA^Ai- Consequently we can consider as a triangle 
the figme 5 with sides ^2^3. die semiline Ajpi and die sendline Aipi. Then, from case 
1, it follows diat Q(S) > 3/2 (dus can be also proved direcdy). 

Also, it is very easy to see that: 




Flo. 2. 



3. Proof of the second OMilcdare. 
Theorem 2. P{X) ^ 3. 

We similarly have to investigate two cases. 
Case 1. Suppose diat the point O is an interior point oS the triangle AiAtAi (see 
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figure 2). From figure 2, we can see that 

We need the following lemma. 

Lemma. Let ABC be a triangle and O, N. M points on the sides BC, CA, AB, 
re^>ectivefy. We will show tiuu: 

\BOM\ + \OCN\ sin {B + w) sin ^ sin (C + <j)) sin ia 

Pa = \ \ ^ + 1 

\AMON\ sin (co + (f)) sin B sin (co + (J)) sin C 

where A, B, C are the angles of the triangle ABC and < BOM = u) < CON = <(>. 
The equality holds if and only if MN is parallel to BC. 
Proof of the lemma. It is elementary to see that: 



\BOM\ BM'BO drBO- 



\ABC\ ca * 



\OCN\ CN'CO di'CO 



2 



where 



\ABC\ b-a b*a 



. sin (D . sin ^ 

di = , 02 = 



sin (B + co) sin (C + ({)) 

and a, c are the sides of the triangle ABC. Using the key inequality (3) we obtain 

\BOM\ + |OCiV| a-drdi 



\ABC\ bdi+cdi' 
Consequently 

(6) /.. = - ' 



lABC bd, + cdi 

- 1 r-. 1 



\BOM\ + \OCN\ itd^ih 
Using simple trigonometrical formulas in the triangle ABC obtain: 

bd\ + cdz sin A sin (C + <|>) sin C sin {B + o>) 

(7) = + 

adid2 nn A sin <i> sin A sin (0 

sin B sin C r ^ . ^ , , 

= : — T — Lcot <j) + cot 0) I + 1 . 

sm A 

From (6) and (7) it follows that 

sin A 



(8) Pa ^ 

sin B sin C[cot <|> + cot oi] 

It is veiy easy to see that the following identity holds 
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sin A sin (S «•) sin ^ 



(9) 



sin B sin C[ooC <^ + cot o] sin B sin + <o) 

sin (C + ^) sin to 



sin C sin (<{> + u) 

Formulas (8) and (9) prove our lemma. 

The equality in (3) holds when kia\ = ^202 or, 



d.'BO d^-CO 



c b ' 

or. 

BM _CN 
c ' b ' 

that is, MN is parallel to BC. 
We are now ready to prove the second conjecture. In figure 2 we ddine: 

< Opjqz = wi, < Opzqi = Wj, < Opi^a = 0)2. 

^iplying the lemma to die triangles qtAipu q^AiPz* qyA^t we take, 

^ _ WOpi*\\ + \Opiqi-\\ 

^ \A,p,^xOq,-\\ 

sin u), I sin (it — I — cu, + tu, + i) 



sin {ft — At — <i)i+i) sin (n — — o»j_i + Wj) 

sin {tt — A\- <0i4i + <«>/-i) sin (ir - Ai-\ — 



Now 



sin <ttj4.| sin (ir — Ai+i " w/.i + oii) 



3 



or 



(10) PCA./iiAi) ^ X I — + — ) - 3, 

where. 

ifij-i = sin u>/_i sin (n — A,-i — + Wj+i) 

= sin (ir — i4< — Wj^-i) sin (w — Aai — + 
Obviously it follows 

PiA^AiAi) >2 + 2 + 2- 3 = 3. 
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The equality holds, according to our lemma, if is parallel to L|, pyqi is parallel 
to Li and ptqi is parallel to L3. Also taking (10) and (1 1) into account we find that Lt, 
L2, Li must be parallel to the udaoSAtAiAy. Thoefioie we conclude that the equality 
holds if and only if X is a triangle, O is its centroid and L|, Lj, L3 are parallel to the 
sides, respectively. 

2. A aimikw argumettt hMs as in Theorem 1, case 2. 

4. Comments. The theorems I and 2 are remarkable tools in provmg mcqualities on 
convex sets. R. J. Gardner, S. Kwapien and D. P. Laurie noticed (see [1] page 309) 
that their tteofems 3.1 and 4.1 ftdlow immediately from theorems 1 and 2 reflectively. 
Also it b worthwhile to notice here that Gr0nbaum*8 inequaUty/(X) ^ 1/2 (see [2]) 
follows easily from tfieorcm I. 

The author is grateful to the reteree tor several improvements in the paper. 
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EXTENDED CENTROIDS OF SKEW POLYNOMIAL RINGS 

BY 

JERRY D. ROSEN AND MARY PELES ROSEN 



Abshmct. Let be a prime rii^ writh <r € Ant (R). We detemiine 

the extended centroid of the skew polynomial ring R[x, a] when (/) (<j) is 
X-ouler of flniie order, (a) (a) is X-outer and inflnite. (Hi) a" is X-iimer 
and no smaller power of or fixes the extended centroid of R. 

Suppose R Q S are prime rings with extended centroids C and /) respectively. A 
natural question to consider is the relationship between (" and /). In this paper wc 
investigate the situation where /? is a prime ring and .V is the skew polynomial ring over 
R with respect to cr £ Aut (R), i.e., S = R\_x,<s\. We use the notions of A'-inner and 
X-outer autonMiphisms due to Khwdieirico. in sections 2 and 3» the following cases ate 
considered: (i) <a) is X-cnKsx of finite ordo' m; (ii) (o) is X-outer and infinite; (ifi) m 
is the least positive integer such that a" is X-inner and no smaller power <^ v fixes C. 

We prove the extended centroid of R[x^ o] is isomoq)hic to: (i) Co(jr"), the field of 
fkactions of Co[jc*] (where Co denotes the fixed field of C under a when extended to 
i?C); (ii) C; ( /// ) C( y ) where y = nx" is central and n is in die set of J?-nomulizing 
elements of the Martindale ring of quotients. 

1. FrtlliBiiiaries. Let i? be a ring and a an automorphism of i?. i?[jir»o] is the set of 
all polynomials in x where additim is as usual and multiplication is defined accoiding 
to die rule xr = r*JC, rER. These operations make R[x, a] into a ring. Ifi? is a priine 
ring, it is easy to see that R[x, o] is prime. Cohn has determined the center of R^x, a] 
when R 't&& division ring. 

PROPOSmoN 1.1. l\,p.6l]LetDbea division ring and vEAut (D). If no power 
ofxg is inner on D, then the center afD[x, fr\i5Z„Ae subset qfAe center cf D fixed 
by (T. If a"* is inner but no lower power fixes tiuixnter of D, Uien the center cfDlx, a] 
is ZJiy] where y — dx" is central. 

To generalize this result to prime rings, we need die notions of X-inner and X-outer 
automorphisms due to Khaidienko. We begin by summarizing die definition and main 

|»x)perties of the extended centroid and central closure of a prime ring R with 1 . 

Let fjL = { [/} be the coilectiwi of all nonzero two-sided ideals of R and consider the 
totality T of all left module homomorphisms <}): where U E. \i and U and R 

are regarded as left /{-modules. We write (<t>, £/) for an element of T and define an 
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equivalence relatio n ~ o n T as follows: (<{>, ) - V) it t{) = i|/ on sonie W E.\x. where 
W QV rW.YjtXi^yV) denote the equivalence class of (<)>, V). The Martiiidale ring 
of quotients Q is defined to be the set of these equivalence classes. We make Q into 
a ring as follows: 

+ (^) = (4) + 4i, n V) 

(<t>. (/)(«|f. K) = (<|>oi|i, V(/) (composition acting on the right). 

R may be considered a subring of Q via the mapping a-^ {ar,R) where is the right 
multiplication by a acting on i?. We state some welKknown pn^)aties of Q. The prooft 
can be found in [3]. 

LtMMA 1.2. Let Q be as above with cemer C. Then 
(\) Q is a prime ring, C is a field and C is the centralizer of R in Q. 

(2) For anyO * q EQ, there exists U E it such that 0* UqQR. 

(3) Any nonzero Itfi R-submodide ofQ intersects R nontriviaUy. 

(4) lftrE Aut (/{), Oien cr extends umquely to an automorphism of Q. 

C is called the extended centroid of R. The pair (<{>, U) is permissible if ^: kUk—* 
u Rg is an )-bimodule homomorphism. C may also be characterized as the set 
{(4»* U) £ Q\(^t V) is permissible}. We may now form the central closure RC of R. 
RC is a prime ring with center C. A prime algebra over a field F is said to be cloaed 
if F is already its extended centroid. We remark that RC is closed over C. 

Definition, a E Aut (/?) is X-inner if there exists a unit qEQ such that r" = q'^rq 
for all r E i?. In other words, a is X-inner if its extension to 6 is an uiner automoiphism. 
Otherwise* a is X-outer. For any group G Q Aut ( J? )« G is said to be X-outer if die only 
X-maa automorphism in G is die identity. 

Lemma 1 .3. Suppose Gisa subgroup of Aut (R) which isX-outer. IfO ^ ai, ^i. 
bzER and <Ti, 02 E G such that 

Oir 'bi + Uzr bi = Ofor all r E R, 

then Oi = \aifor some X £ C and — Vj. 

PR{K)h. Applying cr, ' to the above equation and then Lemma 2 of [4], there exists 

a unit q E. Q with a\' q = aV and q^rq - r"-"' for all r E R. Since G isX-outer, 
(ji = U2 and hence q E C, proving the lemma. □ 

In diis article we will be concerned with characterizing the extended centroids of 
related prime rings. The following lemmas will be useful for this purpose. 

Lemma 1.4. Let R be a prime rini> with center Z and extended centroid C. Suppose 
for any 0^(<j), £/)EC, there exists 0 uE U such that u - aZ[ and u^ - azi where 
Zi, Z2 E Z, a E R. Then C is isomorpfuc to the field of fractions qfZ. 

Proof. Set X = (<^,l/) E C. Than u = azi and = uk — az2. Thus u 
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k'^azz = azi implying (X~'z2 — Zi)fl = 0. Viewing this cquution in J?C, X"'z2 - zi 
= 0. Hence X = r^'zz is in the field of fractions of Z. □ 

Lhmma 1.5. Lei R C. S be prime rini^s w ith extended ceiuroids C and D resperiively. 
Suppose for any 0 ^ (4).t/) E C, there exists i) ii E U such that u = uK and 
= aP where K, ^ G D, a E: R. Then C is embedded in D. Furthermore, ij any 
nonzero left R-submodule ofS intersects R nontrivialfy, then C ^ D. 

PR(X)h. Let 0 fy) G r and // E U be as above. Define SuS S by 

2 s,ut, S s,(u<^)t,. We eheei< ^ is vvell-derined: Suppose X s,tit, = 0. Then 0 = 

^s,a\t, = (25,a/,)X (an equation in SD). Hence S .v,(//, = 0 which implies 0 = 
2 s,a^t, = S -Y, (//<{))/ ,. Cle arly {^P .SuS) E D. Note (<b.U) = {i\).RuR) and detine 
T: C -* D by {<i>,RuR) ^ { 4>.SuS). T is easily seen to be a ring homomorphism and 
C a field implies T is one-to-one. 

Sup pose any nonzero left J?-submodule of 5 intnsects R nontrivially. Let 0 # 
V) € D and set W = V n i?. By tiie assunqition, W is a nonzero ideal of R. Since 
W^f is a nonzero it-submodule ofS,W^nR* 0. He nce 1/ = {w E W| E i?} is 
a nonzero ideal of R. Setting <|» = we have (<t>, U)T = (iji. \0- □ 

We are also conconed widi die prime ring (J?C) [jr, o] whm a denotes the extension 
to J?C. An easy application of part (2) of Lemma 1 .2 gives 

Lemma 1.6. Any nonzero left R[x,a]-submotbUe of (J?C)[x»o] intersects Rlxtv] 
nontiivialfy. 

2. {a) A^-outer. In this section wc assume (a) is X-outer. Let Z denote the center of 
R and set Z„ = {z e Z|z" = z}. 

LiMM A 2 .1. If (T has finite period m, then the center of Rlx, u] is Z^lx"]. If a has 
injinile period, the center uf R[x,v] is Z^. 

Proof. Suppose f(.x) = S r,.v' G center (/?[j:,o-]). Commuting /(x) with x, we 

obtain r" = r, for all /. Commuting /(.v) with any a ^ K. wc have ar, = r,a"' for 
all /. If r ^ 0, then r, is a unit in Q and hence a' is X-inner. If (t has finite period m. 
then /«|/ and r, E Z„. If (r has infinite period, then / = 0 and / (.v) = r,) E Z,,. □ 

In the next two thcorenis we determine the extended ccntroid of /f[jc,ffj in the cases 
where (a) is finite and mfinite. 

Thiorim 2.2. Let R be a prime rin^ with extended eentroid C and (ct) X-outer of 
Jinilc order m. Let C„ denote the fixed field of C under ij when extended to RC Then 
the extended eentroid of R[x,fj\ is isomorphic to CoCa"), the field of fractions of 

Proof. We first assume R is closed prime over C and show /?[.v, a] satisfies the 
hypotheses of Lemma 1.4. a extends to an automorphism Ct of R[x.(t] as follows: 
2) Tjjc' —> S r"jc'. To see ct is multiplicative, we check its effect on monomials: 

[(rjr>)(5ar*)]* = (rj"^jc>**)* = r's"*'x'*' = (rVXjV) = (rjr^)*(5jr*)*. 
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& is also o f pCTio d m. From now on, we write a for d. 
Let 0 # (()>, U) e extended centroid ofR[x, a]. By considering 0 ^ O we may 

ussuiiK U is (T-invariant. Let n be the minimal degree of elements ot U and set 5 = 
{/ E £/| deg/ = n]. We claim 5 contains an element whose coefficients aie fixed by 
a. Let V = {a E R\a is the leading coefficient of some/E 5}. Set V = V U {0}. V* 
is cleariy an ideal of R. Suppose aEV and/E S with leading coefficient a. Since U 
is <7-invariant, fGS with leading coefficient a", showing V is a-invariant. By 
Theorem 3. 1 7 of [3], tr„( V) =^ 0 where tr denotes the trace relative to (or). So there 
exists aEV such that tr«(a) 0. Let 

fix) = 1 a^x' 

i-k 

with a„ = a. Now 

tr.(/(x)) = 2 (tr.(fl,))x'. 

Sincc/E U = t/", tr„(/(jc)) E t/andtr.(fl) * 0 implies tr„(/(x)) E S. FUrthennore, 
the coefficients of tr«(/(jc)) are fixed by a, proving the claim. 

Hence we may choose 

n 

with a, = a and = a, for all i. For any r E /t, 

•-I 

/(jc)ra - ar-/(x) = 2 (fl/r'a - ar^adx' E £/. 

By minimality, a,r"'a - ar"'a, = 0, i = k, . . . . n - I . By Lemma L3, = XfO, 
X, G C and a' = a" for all /. Since cr fixes a, and a, k, E C... Also o-* = . . . = ct" implies 
the indices are all congruent to k mod m, i.e., i = it + ^, E Z ^ U {0}. Therefore 
/U) = (ajc*)^U) where 

the center of i?[jr,a]. 
Suppose 

(/(Jc))* = i V'- 

Using the fact that each a" = a, and d) is biniodule. we obtain xl(J(x))^] = 
L(/U))<l>Jjf- It follows that b] = bj for all / For any r E /f, we have 
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0 = (fix)ra - ar'^fixM = [(f{x))^]ra - ar^[if{xM 

Thus we have b/r'^a - ar^'bj = 0,j = t, . . . ,p. As before, b, = a,a where aj G Co, 
= a" and j = € + w^m, iv, 6 U (0). Hence if(x))^ = (flJt')/iU) where 

p 

AU) = 2 a/*"^'" e C„[^"'J. 

Since a' » a" = a', we have ■ € (modm). If > tbenil « ^ + im, f e Z*. 
In this case. /U) » (<u')9(Jc) for some ^(x) € C^lx"]. Similariy. if € > I:, 
(fix)}^ - (ajr')p(jc) for some p(x) E Coix"]. By Lemma 1.4, the extended centroid 
ci R[x,&] is isomorphic to CoU"). 

Now suppose i? is a prime ring and let a denote the extension to RC. One can show 
(a) is -V-outer on RC of order m. Since RC is closed prime over C. the extended 
centroid of (/?C)[.r,o-] is isomorphic to CJ.x'"). Let 0 t (<}>, U) E extended centroid 
of R[x.a]. By the above argument, there exists 0 ^ fix) E U such that /( v) = 
a^x)z^{x) and (f(x))(^ = a{x):2(x) where r,(A), r:(,v) E C[.v'"] (the center of 
(/?C)[.r. ct]), E R[x,(j]. By Lemmas 1.5 and 1.6, we may conclude /?[.v,aj 
and (RC)[x,(t] have isomorphic extended centroids, completing the proof of the 
theorem, n 

Thhorkm 2.3. Let R he a prime rini> with extended centroid C. // (ff) is X-outer and 
infinite, then the extended centroid oj R[x.(t] is isomorphic to C^. 

Proof. Assume R is closed prime. Let 0 ^ (<|>, (/) £ extended centroid of R[x^ or]. 
Choose 

n 

0=^/U) = X a^x'SU, a, = a, 

of minimal degree. We claim = 0 for i it, . . . ,ii - 1. Suppose ay # 0 for some 
j such that k^J^n - 1. There exists bGR such that fr*" - a. Fbr any r E it, 

n- I 

f(x)rb - ar^f(x) = X ia,r''b''' - atr^a,)xf E U. 

By minimality, a,r"'h"' - ar'^'a, = 0. By Lemma 1 .3. a' = (j" and (r of infinite period 
implies j = n. a contradiction. Hence fix) = ax". A similar argument gives 
(/(.v))(t) = Kax" for some K E C. 

We now show X E Co. Since R is prime, we may choose r E R such that 
«r*'a*" # 0. ♦ bimodole Hnplies/(jc)r[(/(jc))<})] = [(/(jc))<t)]r/(jt). So we have 
(ax')rikax') « (Xax*)r(<u(*) which gives 

\""ar""a''" = Kar^'a"" 
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or 



0. 



Hence \" = \. Now choose r E R such that ar" a""*' =^ 0. As above, 
/(A )A7-[(/(A ))({)] - [(/lA))<})j.vr/(j:) yields X"'"' = X and so X G 

Tliereforc/(jc) = ax" and (/(jc))<J) = (ajt'')X where X € C„ (the center of ^[jcct]). 
By Lemma 1 .4, the extoided centroid of R[x, a] is isomoriAic to Co. 

Now suppose i? is a prime ring and let a denote the extension to RC. One can show 
(a) is X-oiiter and infinite. Since RC is closed prime, the extended centroid of 
{RC)[xt<r] is isonxMphic to C„. As in Theorem 2.2, Rix^a] and (J?C)[jc,a] have 
isomorphic extraded centroids. □ 

3. V* jK^-fauNr . To treat ttut case where a" is X-inner for some m, we need ttie notion 
of the normal closure of a prime ring R.StlN - [nE Q\nR - Rn}. We remaric tbM 
if 0 ^ n E N, then n is invcftible and n~' E \. The normal closure itAf of J? in 0 is 
the subring of Q generated by i? and iV, i.e.. 



Lemma 3.1. RN has ihe follow in i; properties [3]: 

( 1 ) RN is a closed prime ring wuli extended centroid C. 

(2) ForaRy 0 # qERN, there exists a nonzero ideal I cfR such that ^ ^ Iq QRand 
^i^qlQR. 

(3) IfaE. Aut (i?). tiien its extension to Q restricts to an automorphism of RN. 

Lb.MMA 3.2. For any a G Aut (R), Rlx,(j] and (RN)[x,a] have isomorphic 
extended centroids. 

Pr(X)F. Let E and F be the extended centroids of R[.x.(t] and S = {RN)[x,a] 
respectively. Choose 0 i= i^Jj) £ £. Define (P:SUS-*S by 




2 /(Jc)«,(jc)«,U)^ E/,U)[(M/U))<t)kU). 



Suppose 



2 fMuMgiix) = 0 



where 




and 



2 bik-x''. 
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By Lemma 3.1, theie exists a nonxeio ideal / of it such ttiat 0 ^ la^j Q R and 0 
biJ QR.Fot each i, set 7/ = fl where k nuu dirougli the sum in g,{x). Then 

0 ^ g{(jr)/, £ il[jr»a]. Set 7 - D 7/. 7 is a nonzero ideal of i? and 0 g,{x)J Q 
R[x,a] for all i. Hence we have 

/(X /;u)[(«iU))<i>j«,u))y = o 

which implies 

1 fiix)[Mx)y^]g,ix) = 0. 

i" 

proving * is well-defined. Define T. E -* F by( <)>,(/) {^^SUS). The usual 
argument shows T is a ring isomorphism. □ 

For the remainder of this section, let m be the least positive integer such that (r'" is 
X-inner. We assume no lower power of a is the identity on C. Note that by a result of 
Kharchenko [3, p. 48], if R satisfies a GPl, this assumption is superfluous. 

Lemma 3.3. The center of (/?N)[jc,a] is Coly] where y = nx" is centraL 

Proof. Since v" is X-inner, there exists nBN such that a*" = n~'a/i for all a E 
Q. It is easy to verify that n'n"' « X € C and the norm of \ (i.e. . x"" 'x"-^ . . . x"X) 
equals 1 . Since a induces an automoilrilism of period m on C, Hilbert's Theorem 90 

implies \ = \iG C. Setting r?i = n\i. \ observe that - and a"" = n^^arii 

for all a G Q. Hence without loss of generality, we may assume //" = n. Set v = nx'". 
Then xy = xnx'" - n"x = nx'"x = v.v and^a = nx'"a = n{n 'an)x'" = ay for any 
a G RN. So C^ly] Q center ((RN)[x,(t]). 
Suppose 

fix) = S a^' 6 center((i?N)[jr,a]). 

As usual, a" = and sa, = a,s"' for all / and s E RN. If ci, ^ 0. then a' is X-inner 
and hence / = mq, where q, E Z' U {0}. Now a, \sa, = .v""' = « ''.s/i'' for all G 
RN implying a, = X,/i''', A, E C. Since and n are fixed by a, X, G Q. Rewriting we 
have 

nx) = 2 « 2 x,y« e c.[y]. □ 

The proof of Lemma 3.3 follows Cohn [IJ. We now prove the main result of this 

section. 

Theorem 3.4. Let Rbea prime ring with extended centroid C and m the least positive 
integer such that rr'" is X-inner. If no smaller power of a fixes C, then the extended 
centroid of R[x,{j] is isomorphic to Co(>) where y = nx" is central. 

Proof. For any a G fi, a*" = n'^an where n G and = n. By Lemma 3.2, it 
suffices to show that the extended centroid of iRN)\x,v\ is tsomoipbic to C»(y). Let 
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0 ((t),(/) E extended centroid of (y?iV)[A, cjj and choose 

fix) = i o^' e 1/ 

of minimal degree. There exists bGRN such that b'^ = Op = a. For any s E RN^ 
f(x)sb - as"' fix) EU of smaller degree than /implying aj^'fl, - ais'''b''' = 0, / = 
k, . . . ,p - 1 . Applying (ct'')"' to this equation and Lemma 2 of [4], there exists n, G 
yV such that a, = an"' and n^'sn, ^ .v"'((r'') '. Thus a'(CT'')"' is X-inner and ct' = a*" 
on C. It follows that a' = (t* on C and since a E Aut (C) is of period m, i = k + 

q,m where (/, E Z' U {0}. / = k p. Now a'Ccx'')"' = a'"' implies 

n~\^n, = n'^i' '''sn'''''''' for all ,v E /?/V. Therefore n, = a,//" '''', a< £ C, and 0/ = 
a(a,n''- "'')"'' = ap^/i*'"'', p, E C. Setting >- - «jr'" we have 

f-* f-t I'k 

for some 7/ 6 C. 
Suppose 

r 

(/(jc))<|) - E V'- 

Fbr any 5 E J?N, 

0 = (/(jc)56 - fl5-'/(x))«|» = [(fixMsb - fljn(/(jr))4>] 

which implies (/.v"'7? - 17,5"' b'" ~ 0. J = ( r As before, there exists m, E N such 

that bj = «w; , \sm^ = 5"""" \ and (r - (r'" on C. Thus o-* = . . . = cr'' = a' = 
... = o' on C. So 7 = f + H tur all j and p = £ im where E Z* U {0}, r G 
Z. Hence ntj 'snij = n' "^5/1 and so nij - bjn 'j ', 8; E C. As above, bj = a\jh^i~' 
and 

r 

for some p, E C. 

Assume A > €. Now p = € + tm = k + qpin implies * = € + (/- qf)m, t- 
eZ*. Then 

fix) = an-*x'*"-*"" S 7.7* = fln'*Jt* 2 v,;c"-* V 
= an-^x* 2 v,ii*-y-**« = an"'*' 2 v,/"^** 

for some E C. 

An analogous aigumrat worics for € > ib. Summarizing, we have shown diat/(jc) - 
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«« Vg,(y) and {/(xM = an'x^giiy) for some j.y and € C[yl We are 

not yet in a position to ap|riy Lemma 1.4 since g\{y) and gUy) are not necessarily in 
CJiyI the center of {RN){x, ct]. 

Now a may be extended to C[.v] by mapping y to y. We claim ^i(y)''^2(y) = 
g\iy)S^^ y) " Fii^l note that C[y] centralizes /?A' in S - central closure of (/?A^)[.v. (t]. 
Also if R is any prime ring, a G Aut (/?). and />(.v)/?<y(.v) =^ 0 forp(.x ). q(x) 6 /?[.v, ct], 
thenpU) = Oor^U) = 0. For any s £ ^Af,/(ac)4(/U))<|)J = L/(Jc))<t>Ji/U) implies 

Since aiiV # 0 the above remarics give gi(>')'"ft(y) - g\{y)gi{yy* - 0. By using 
X*, we similariy obtain «i(y)''*'ft(y) - «i(y)ft(y)*'*' = 0. The claim follows from 
these two equations. 

Working in 5, we have/(jr) = an'x'gM and/(jr)X » an'x%(y) for X « 
(<|>.t/) 6 extended centroid of (i?^[jc, a]. Hence a/?' v '(,?,( y) - X '(j:(y)) = 0. If 
g,{y) - X"'/?2(.v) * 0, there exists a nonzero ideal V of (/{iV)[jc,aJ such that 0 * 
(«i(>) - X''«2(>))V £ (/?A^)[jr,aJ. Thus 

ian'x^)iRN)(gi(y) - X-'ft(y))V = 0 

imfrties 

(giiy) - >^-'g2iy))V = 0. 

a contradiction. Therefore j?:(y) = Xgi(y). 

Note that the extension of a to C[y] agrees with the extension of a to 5 when 
restricted to C[y]. Also the fixed ring of (ct) acting on C[y] is C„[y]. 

Viat^lygdyrgziy) = gMgiiyVfuidgiiy) = Xg,(>) imply (X - \'')gi(y)gi(y)'' 
s 0 and so X* ~X. Since any nonzero ideal of C[y] inteneds Co[y] nontrivially, there 
exists 0 =^ h(y) € C[y] such that 0 giiyMy) = X«,(y)*(y) 6 C„[y]. It fol- 
lows that gi{y)hiy) 6 CJiy]. Now 0 * /(x)*(y) = aii'x>g,(y)A(y) E 1/ and 
(/( v)//(m = [(/(xW^^lACy) = an'x^giiyWy) where «,( v)/,(y). ft(y)A(y) € 
Co[y]. By Lemmas 1.4and3.3,theextendedcentroidof (Jt^)[jc,ajisisoniorphicto 
C„(y). □ 

We end this paper with a brict discussion of the remaining case: a'" is X-inner and 
some lower power of o is the identity on C. The primary difficulty seems to be in 
determining the center of (RN)[x,a]. We can no longer use Hilbcrt's Theorem 90 to 
find an n fixed by a that determines a" as an inner automorphism of Q. As already 
noted» if R satisfies a GPl, this remaimng case cannot occur. 
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ON THE PONTRJAGIN ALGEBRA OF A CERTAIN CLASS OF 

FLAGS OF FOLIATIONS 

BY 

F. J. CARRERAS AND A. M. NAVEIRA 
Abstract. Let (M, ^) be a Riemannian manifold and let Vi , Vi. Yi 

be mutually orthogonal disiribulions on K of dimensions/), . /> . /■ ^uchdMt 
^1 + Pi + /'j = dim M.- We assume that T i and ¥ i ® Yj are inte^Ue and 
that all the geodesies of M with initial tangent vector hi Vi remain tangent 

to T;. Then, we prove that Pont^T: ® Y.) = 0 for k > p2 + 2p,, where 
Pont'(T, e r,) is the subspace of the Pontrjagin algetm of ® V, 

generated by forms of degree k. 

1 . Introduction. Let (,U , be a Riemannian manifold and T a distribution on M. 
If T is integrable. then Bott's theorem [ 1 ] says that Pont*( F " ) = 0 for ^ > 2 dim (T ' ). 
where Pont*(T^ ) is the subspace of the Pontrjagin algebra of T ' generated by forms 
of degree k. On the other hand, Pastemack [7] has proved that if V* is integrable and 
the metric is bundle-like with regard to the corresponding foliation, then Pont*(T^) = 
OUxk> dim (T^). In this paper we prove a rcstdt on flags of two foliations that turns 
out to be a generalization of the foregmqg ones. In fact, let V|, V:* "^3 ^ mutually 
oftho^Hial distributions of dimensions pi , Pa on (il, such that die tangrat bundle 
rjft » V, 8 T2 S where we identify each distribution with the vector bundle 
determined by it. We assume thatYi andVi ©T. are integrable and that 1^2 is a totally 
geodesic distribution, in the sense that any geodesic of M with initial tangent vector in 
T; remains tangent to T,. Then. Pont'(T ) Pont^CT,) - 0 for j > 2p^ or i + j > P2 
+ 2pi. This condition is stronger than the one obtained by L. A. Cordero and X. Masa 
in [2] for flags of two foliations (subfoliations) without the additional hypothesis on T";. 
In [2] an extensive study of the characteristic classes of subfoliations is also carried out. 

We thank V. Miquel and A. Montesinos for some useful comments. 
This wofk has been partially supported by the Ministerio de Educacidn y Ciencia of 
Spain. 

2. The generalized second connection. In order to find a suitable expression for the 
Pontrjagin polynomials of the bundle ^2 © '^3j we defme what we call the generalized 
second connection t^. Since its constnictira is valid for an ariNtraiy number <rf distribu- 
tions, we shall consider, widiin tiiis section, k mutually orthogonal distributikMis Ti, 
. . . , y* on a Riemannian manifold (M,g) such that V| S . . . 0y« » TM. 
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If V/ is the projector of TM. onto V,, 1 ^ i :s i^, and V is the Levi-Civita connection, 
we set 

^aB, = v,(V^^fi,) for 1 </ - A 

and 

flj^fii « Vy[i4„B;] for ! s i, y s t and I j. 

Throughout the paper the subscripts of the vector fields, if any, indicate the distribu- 
tion to which they belong. 
It is clear that ^ is a well-defined connection on TJi whidi satisfies 
(i) For all i\ 1 £ I £ it, flvt = 0, or, equivalently, tfie restriction of ^ to each % 
is a connection in 

(if) A,ig{Bi, O) = gi^Afih C,) + g{B„ t^x,C,), since die V/s are mutually orthog- 
onal and Vg = 0. 

(Hi) If T is the torsion tensor of V, i.e. , T(M, N) = V^N - V^M - [M,N'\ for all 
M,N G X(M), then g{T(A,.M),B,) = 0 for all £ .t(it) and B, e Y,, 1 :S i 
< as a consequence of the symmetry of V. 

Furthermore, we have 

Theorem I . Let (jM., g)be a Riemannian manifold and T i , . . . , mutually orthog- 
onal distributions on M such that Y| © ... ® = TM. There exists a unique 
connection in TM satisfying (i)> (») and (Hi). 

Proof. Only uniqueness has to be proved. Assume V* is such a connection in TM 
and let r* be its torsion tensor; dien, for any At, B,^ Cj with i # 7, we have 

0 = g(T*(A„ Cj), B,) = g(Vlq - V^^A, - K,CJ,B,) 

= -«(Vc/. + v,[/i„ Cj], BX 

and since is an arbitrary vector field in T,, we get 

On the otho* hand, 

g{T*{Ai, Bi), Ci) = 0 

implies 

VtB, - V*A. = v.[A,, B.l 
Now, the Riemannian connection satisfies 

2g(V^fi,. C) = A,(g{B,, O) + B,{g(A,, O) - C,(«(A„ B,)) 

+ gilC, A.l B,) + g([C„ B,], A.) + gi[A„ B.l C). 
and a substitution in this formula gives g(V^„ C,) = g{V*fii^ C,), whence 

vjfi, = v,(v,^,) = V.-. ^ 
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It is easity seen that the senUcanonical connection defined by Vaisman [9] sttisfies 
the conditions of tfworem 1, so diitt bodi connections are the same. 
Let 5 be dw curvature tensor of i.e. 

S(L, M, N, O) = g(V«V^yV - V,V^A^ + %L.»t\N. O) 

for all L, M,N,Oe X,iM). 
As a c(»sequmce of properties (i), (li) and (Hi) of V, we have 

Proposition 2. Let (M^g) be a Riemanman mangold and Ti, . . . , mutually 
(HrOmgonal distributions on M such that V| 0 . . . 0 T* = TM. IfS is the curvature 
tensw qf^t then, for i ^ f. 

(a) S{M, N, A, Bj) = S(A#, N, B„ A,) = 0, 

ib) 5(A„ fl,. Cy, Dj) = -g([Ai, VjlB,, Cj]], Dj) + gilB„ v,[A. Cj]], Dj) 

+ 8i^qVj[^i, B,l Dj) + gi[[An Bil Cjl D,), 

(c) S(A,. B,, Cj, Dj) - S(Ai, Cy. Bj, Dj) = gi[vk\.Bj, Cj. Aj, Dj), 

(<0 5(A,. C„ D,) + S(A„ 1?,. D„ C) = 2) g(vA[A„ B,]. Vc^, + Vd,C,), 

(e) © 5(A„B„C„A) = 0. if 

Corollary 3. ^<wie i^ifte three following conditions u satisfied fori*j 

(a) yjbinugrabie, 

(b) V* u integrable, 

(c) For every A ^ y, V» ® V, ir integndfle; 

then, 

S(A„ fi^, C„ D,) = 5(A„ fi„ Dj). // 
Corollary 4. (/'T, u integrate, then 

(a) S(A„ B„ C„ D,) = -S(A„ B„ D„ C,) 

(b) 5(A„ B„ C„ D,) - R'(A„ B„ C., D,) 

where R' is the cun'oture tensor of the Levi-Civita connection cf the leaves ofVi. 

If, further, there exists /, / ^ j, such that 

(1) ®H*j '^h is integrable, or 

(2) for every h, h =^ j, ® is integrable. 
lAen, 

(C) S{A„ Bi, Cj, Dj) = 0. if 

Henoefortii, we will consider an additional condition on one of the distributions, 
namely. 
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Dernition [3], [6]. A distribution V wUl be said to be of type D, // ( v)A = Ofor 
alt A in V; where v is the orthogonal projection onto Y. 

Tllt-oKhM 5. A p-dimcn.siiimil (listnhution V in an n-duncnsunuil Ricmannian man- 
ifold Utt,^) is of type D\ if and only if every geodesic ofM with initial tangent vector 
in V remains tangent to V. 

Proof. Let a be a curve in At, and let a = (V be its tangent vector field, which is 
a curve in TM. Then, a is a geodesic if and only if a is an integral curve of the spray 

^ associated to V. Let {E £„} be a local frame defined in an tipen set U of .If such 

that El, . . . , Ep E.Y and 1, ...,£„ G Y. This frame defines a trivialization TU 
as {/ X R*. Under this identification the field | can be written as 

I i.j.t dp* 

where the p"s ( 1 < / < « ) are the standard coordinates on R", and {6*} is the dual frame 

of £■] E„. On the other hand, the condition of Y being of type D| is clearly 

equivalent to the fact that, for al\a, b = 1, . . . , p and u = p + 1, . . . , n, 

(*) e"(Vc.E*) + e-(V£,£.) = 0. 

Fkirther, die subbundle of determined by T, whidi will be eqally draoted by T, 
is a regular submanifold of TM, and a tangent vector to TM is tangent to V if and only 

if it is a linear combuiation of E| d/dp\ ...» d/dp' (undor the above 

identification). So, (*) is equivdent to die fact that the restriction of | toV be tangent 

to T; in other words, the fact that the integral curves of | widi mitial values in T be 

contained in Y, whence the result follows. // 

Notice that \f is a foliation in (.M. _^). then TP is of type D| if and only if the metric 
is bundle-like and thus, theorem .'i generalizes Reinhart's result about geodesies in 
a foliated manifold with bundle-like metric [8]. 

EXAMPi-E. Consider the sphere 5^"* ' and the Hopf fibration onto the quatemionic 
/i-space S''" ' ' H". Let Y be the distribution determined by the vector spaces tangent 
to the fibres, and let H - 1" . On the other hand, consider S' x [R'. where /•-!-/ = 
4m + 3 for some integer m. As an orientable hypersurface in IR^'" ' ', S' x [R' has a 
global normal vector field N. If 7;, J^, J% are the three canonical almost-complex 
structures on K*"" = H'", then 7, A^, J2N, JiN are vector fields tangent to S' x R' which 
span a 3-dimensional distribution Y'. Hien, on S*'*^ x 5' x R', % 0 V is a 
non-integrable distribution of type £>i , whose orthogonal complement is not integrable. 
For nnofe details and iiirdier examples, see [5]. 

Proposition 6. If Y, is of type D,, then 

(a) S{M, N, A„ B,) = -S(M, N, fl„ A,) 

(b) The curvature tensors S and R offl and V, re^fet^vefy, agree when acting upon 
arguments cfYi (f and only ifVt is integrable wiA tottUly geodesic leaves. 

The proof follows by computation from properties (1), (n), (Hi) and the following. 
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Lemma 7. //% is of type Dx vAM e. 0**^*, Oien 



or, equivalently. 



wfcere ^ denotes the Lie derivative. ^ 

CoRoi I AKV 8. //■ 1', /.V of type D\ and if funlur one of conditions (a), (c) of 
corollary J is satisfied, then SiAj, B^, C„ = 0. jj 

3. TbeobBtnicliMi theorem. Let £ be a vector bundle on it, which we can assume 
as a subbundle of TM, with fibre IR' and D a connection in E. If we consider the 
associated principal bundle we have the Weyl homonKxphism [4] 



where /(Gl(r, K)) ( = 2 /*(Gl(r, R))) is the graded algebra ol ad-Gl(r, IR)-invananl 
polynomials on gtir, U), the Lie algebra of Gl(r, R). The image of this homo- 
moiphism is the algebra of characteristic chisses of £ and will be denoted by Pont (£). 
For each it, w(/*(Gl(r, R))) is the space of characteristic classes of degree 2k, and will 
be denoted by PMit''(£). 

The algdn Pont (£) is spanned by die classes w(fo), ...» wUim) witfi r = 
2/n or 2m + 1, where)o>/i. • • • ,/raread-Gl(r, R)-invariant polynomials on ^(r* R), 
defined by 



tor all A E ^t(r,U), where /, is the identity matrix ot dimension r x r. For each it E 
{0. .... m} die ctess wifit) E H*HM, R) is die k-lh Pbntrjagin class pt(E) of die 
bundle £. 

From the relati<Mis between die curvature tensor 5 and die curvature fonn D of 
it fdlows that if/is an invariant homogeneous polynoniud of d^ree then there exists 

a representative a in vt ( /) such that, if {Yj}jmi, is a local orthonormal frame of £ 

andXi, . . .,Xu are linearly independent vector fields on U, then a(X| A^:*) is 

a homogeneous polynomial of degree A in the variables {5(,V|, X,„. Y,, Y,)}. i. j G 

{1 r].m. 1 2A}. sothai, within each monomial, the first two arguments 

of each factor pertbrni a pcrimitatidn of X,. .... X^i- 

Now, let (M,g) be a Riemannian manilbid and let Yi, ¥2, be three orthogonal 
distributions on of dimensions p^, pi, Pi, respectively, such that V, 0 V 2 0 T3 = 
TM, Vi and T| 0 y2 are integrable, and, beuig die projector of TM onto Y,, 
(I- = 1, 2, 3) 



w: /(Gl(r, R)) H*(M, R) 




{^A,V2)A2 = 0 



f<x all A2 E ¥2* where V is the Levi-Civita connection. 
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Then, we have 

LtMMA 9. 

S(A,. fi„ C2, 02) = SMi. By, C„ D3) 

= SM,, B,, C2, D2) 

= SM„ z;^, C3, Di) = 0. 

Proof. It follows from corollary 4 (c), tliatSMi, C,, D3) = 0. From pcopOsitkM 
Kb), and the intcgrability of T, © T,, we get 5(^4,, B,, C2, Dj) = 0. 5(A,, flj, Cj, 
D2) = 0 follows from proposition 2(c), and 6(a). Finally, 

S(A„ B2, C„ O,) = g([v,[A„ fizL C,], Z>3) + giMAu B2I Cil Di) 

+ ^(L^2, C,]], 00 - g([A,. v,Lfi:. C.JJ, D3) 

+ gillAu fiiJ. C,J, D3) - «([v,[i4,. fijj. C3], Dj) = 0 

by die integrability of Vi 0 V2 and the Jacobi identity. S 
From this lenmia and the preceding remaiks, we have 

Thborem 10. 

Pont' (Y2) PoaV (Vi) = 0 for j > 2pi or i + j > pi + Ipy. 

Proof. If and are foimsiqiresenting elements of Pom' (Vi) and Pom^CVj)^ 
respectively, with i + / > P2 + 2/73, then A decomposes as a sum of nMMiomials, 
each of which vanishes due to the saturation of the exterior products of curvature forms 

that, according to lemma 9, are not zero. // 

Observe that \i pi = 0 (resp. pi = 0), Bott (resp. Pastemack) theorem is obtained 
[1] (resp. [7J). 



References 

1. R. Bott. Lectures on eharaderislic classes and foliations. Lecture Notes in M^rtieniatics. Springer- 

Vcrlag. 279 (1^72). pp. 1-80. 

2. L A. Cordcro and X. Masa, Characteristic classes of subff^ations, Ann. Inst. Fourier, Grenobk 31, 

2 (1981). pp. 61-86. 

3. O. GSSryitid nM , Oh the i^o m e uic properties ef some classes efalmost-iH^ Rend. Ciic. 

Mat. Palermo 32 (1983). .ll5-32<) 

4. S. Kot)aya&hi and K. Nomizu, houndauons of Differential Geometry, Vol. 1 and ii, Inter&cience, l%3, 
1969. 

5. V. Miquel. Some ejumpks of Riemamtian aimest-prodm man^oUs, Pac. 1. Milli. Ill (1964), 

163-178. 

6. A. M. Naveira, A class^ation of Riemannian dmost-pnkbict man^Ms, Rendiconti di Malemitica, 

3 (1983). 577-592. 

7. J. S. Pastemaci(. Foliations and compact Lie group actions. Comm. Math. Helv. 46 (1971). 

pp. 467-477. 

8. B. ReiohMt, Foliated manifoUs yriOi Imdle-Uhe metrics. Am. of MMh. ff (1939). pp. 1 19- 131. 



I«S] P0NT1UAGIN ALGEBRA 83 

9. I. Vaisman, Almosi-muliijoliate Kumuiinian mumjalds, Ann. Si. Univ. "Al. I. Cuza", XVI (1970), 
pp. 97-104. 



DEPARTAMBnO DE GBOMETRiA Y TOTOLOGIA 

Facultad df Mati mAticas 
Univeksioao D£ Valencia 
BuiUAsar (VALENaA), Spain 



uopyiiyiiluo inatuJial 



Canad. Nfath. Bull. Vol. 28 (I), 1985 



FINITE GROUPS WHICH ARE AUTOMORPHISM GROUPS OF 

INFINITE GROUPS ONLY 

BY 

JAY ZIMMERMAN 

Abstract. The object of this paper is to exhibit an infinile set of finite 

scmisimpic groups H. each of which is the automorphism ennip of sonic 
infinite group, but of no Hnite group. We begin the construction by 
choosing a finite simple group 5 whose outer automorphism group and 
Schur multiplier possess certain specified properties. The group // is a 
certain subgroup of Aut S which contains S. For example, most of the 
PSL's over a non-prime finite field are candidates for 5, and in this case. 
H is generated by all of the inner, diagonal and graph automnphisms S. 

I . Introduction. Our main purpose is the construction ol an infinite class ol groups 
which are the automorphism groups of infinite groups, but not ot any finite group, fhe 
simi^est examples of such groups ate the quaternion group Qk, the dicyclic group DC 12 
of order 12 and the binary tetrahedral group BT24 of <Mxier 24. Each of these groups 
occurs as the automorphism group of a suitable torsion-free abelian group, as is shown 
by Hallett and Hirsch (see Fuchs [1], p. 272) in their classification of finite groups 
which are automorphism groups of torsion-free groups. Straightforward arguments 
show that none of the groups Qx. DCi:, or BT24 is the automorphism group of a flnite 
group. In the first case, this has been pointed out by de Vries and dc Miranda [4]. 

The groups which wc construct have a somewhat different structure. Our main result. 
Theorem A below, has as a consequence that //\S' = PSL(7./)') where p ^ \ = 
(mod 7) and if H is the subgroup 0/ Aut S generaled by the inner, diagonal and graph 
autmnorpMsms then (a) H is not the automorphism group of any finite group and (b) 
H is the automorphism group of continuously many non-isomorphic countable groups. 
Notice that H is isomorphic to the semidirect product PGL(7,p^) >4 <t) where t is the 
transpose-inverse autmnor|^ism. 

It is well-known that if S = PSL(7,/7^) as above, then the outer automorphism group 
Out 5 has cyclic Sylow subgroups and the Schur multiplier A/(5) is cyclic. Let S be any 
finite simple group with these properties and let // be a group such that S ^ H ^ 
Aut S where wc identify S and Inn .S'. Wc will show first that H = Aut (7 for a finite 
group C if and only li H /S is self-normalizing in Out .S. In addition, certain groups H 
where H /S is abelian are not automorphism groups of any group. Since Out S is 
metacyclic, the above facts limit the possibilities for groups H v/hkh are automorphism 
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gnxips of infinite groups only. We will prove 

Theorem A. Lcl S be a non-ahclkm finite simple i^roup .such thai Out .V //</.v cvclic 
Sylow subgroups and M(S) is cyclic. Then Out S = {a) >i {b), the senudirect product. 
If the action of b on {a) is neither the identity nor inversion, then there is a subgroup 
H with imS<H <AutS such that 

(a) H is not the aukmorpfusm group cf any finite grmtp, and 

(b) H is tiie automorphian group qf cmitinuously many nm-istmorphic countable 
Siroups. 

Pinally» we produce some slightly more complicated examples of automorphism 
groups of infinite groups only. These are 

Theorkm B. Let p he a prime such that p = Iq + I where q is an odd prime. Let 
S be a complete non-abeliun finite simple group with M(S) = 0. Then there exists a 
subgroup H of the permutational wreath product S wr Sym{/?) containing the base 
group which is the automorphism group of an infinite group but not of any finite group. 

2. General results. We will begin by classifying tln)sc groups (1 lor which Aut G 
is finite and semisiniple (i.e.. it contains no non-trivial abelian nt)rinal subgroups). The 
theorems below are just nimor modifications of the work of D. J. S. Robinson [3J and 
the proofo consist of splitting the tfieorems into sqwrnle cases and dien showii^ that 
some of them cannot occur. 

We will begin by constructing the group G(|2> e) where (2 is a finite group witti 
trivial center, F is a torsion-ftee abelian group and e is an element of Ext (0^, F) witti 
the property that CamfCc) = 1- Clearly Ext (Q^^F) st H\Q,F) and so we may 
oonnder e to be an element of the second cohomology group. Now choose a central 
extension F >-> G —» Q with cohomology class e and define G(Q, F, e) to be G. 

Henceforth, we will denote the Aut /^-orbit to which t belongs by e"^^ and the 
stabilizer in Aut Q of that orbit by StA«c(c'^"'^). 

Theorem 2. 1 . Let G be a group such that Aut G is fitute and semisimple. Then then 
exists Q ^ Aut G such that 

(a) if G is infinite, then there exists F and e as above such that G = G(Q, F, e), or 

(b) if G is finite, then there exists K < M(Q\, where q = |^ab| and an elementary 
abelian 2 -group D whose order is not 4 such that G = (Q/ K) x /) where Q is the 
unique stem extension of M(Q)^- by Q. Furthermore, if D ^f" 1, then q = \Qa\ and 
\M(Q\ :K\are odd. 

Theorem 2.2. Let F, K and D be as in Theorem 2.1 . Then 
(/) Aut (C(C,F,e)) = StA«o(e^"") where e^"'^ is the Aut F-orbit to which e 
belongs. 

(ii) Aut iQ/K X D) = ^Au.y(A.') x Aut D. 

Moreover, these isomorphisms arise from the obvious induced mappings. 

Next, we look at the automorphism group of a semisimple group (i.e. , one which has 
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no abdian normal subgroups). 

1.1 \1M\ 2.3. Li't H he a finite scmisimpic ^iionp with complciclx rcducihlc radical 
R. Tlu n Aut H is a finiic M iuisimplc i^roup n iih complcicly rcducihlc radical iso- 
morphic lo K. IJ w e idcniijy H and Aut H wiih subgroups oj AalR in the natural way, 
then Aut H = A'a.,, «(//). 

PR(K)h. Let H , Inn H and let Kn be the completely reducible radical o\ H^,. If A 
is an abclian normal subgroup of .Aut H. then /\ fl //„ = I and hence A S 
Cauiw(^o) =^ I since Z{H„) = I . It follows that Aut H is semisimple. 

Let S denote the completely reducible radical of Aut H. Clearly /?o — S. Since S is 
completely reducible as an Aut H<ipeaxox group and Ro is Aut H invariant, it follows 
tfiat S - R^'X' Rxfof some Aut H invariant subgroup Hence ^ HnC\ 

Rx - landi?|£CA«N(//o)= l.Therefore5 = ito. We may identify //and Aut with 
subgroups of Aut R and the result follows. □ 

Corollary 2.4. Let H be a finite semisimple group w ith completely reducible 
roMcal R. If His self-normalizing as a subgroup Aut R. then H is conqflete and hence 
it is the automorphism group of a finite group. 

Let // be a finite semisimple group such that H = Aut G for some group G. Let R 
be the completely reducible radical of H. By Theorem 2.1. G = G(Q, F.e) or G = 
Q/K X D. Assume that H has no direct factor of type PSL(r, 2) and so by 
Theorem 2.2. H ^ Aut Q. It follows that C//(Q) = 1. Clearly 0 ^ Inn G and so with 
tfiemtunlidentificatioiisQs/f £ AutJ?. Since i? is acompletely reducible ^-operator 
group and It n Q is a normal admissible subgroup, R - {R H Q) x Rt for some 
//-invariant subgroup Ri. Therefore Ri ^ CniQ) = 1 and hence R^Q. We deduce 
finxn this that Aut Q = NtMniQ)- With the natund identifications, this proves 

LailMA 2.S. Assume that H is a funic semisimple group with no <Urect factor of type 
PSL(r, 2). Let R be the completely reducible radical ofH. IfH a Aut G, titen 

i? s g = Inn G ^ // ^ Aut ^ Aut 

Lenuna 2.5 implies that when we are checking if a group is an automorphism group 
we need only consider normal subgroups Q of H which contain the completely reduc- 
ible radical R in either C( F.e) or Q/K x I) In order for H to be the automorphism 
group of an infinite group, there must exist non-trivial Q, F and e which satisfy the 
necessary conditions for G{Q, F,e) to exist. 

Lemma 2.6. Let Q be a finite group wiA trivial center. Then there exists an infinite 
group G(Q, F, e) if and only if Q^b is not an elementary abelian 2-group. In addition, 
if Q..b 'V not an elementary abclian 2-group. then there are continuously many non- 
isomorphic countably ii^iniie groups G{Q,F,^) with |Aut F\ = 2. 

Prow. If is an elementaiy abelian 2-group, then the inversion automoiphism of 
F operates trivially on Ext (Q^, F) and since Ca«f(€) = 1 this implies that F is trivial. 
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Conversely assume tlnit has exponent m > 2. We will construct continuously many 
torsion-free abelian groups /•„ as follows. 

Let TT be an infinite set of primes none of which divitte m. DeHne F« to be tfie additive 
group of rattonals of the forni t/ipi . . . pt) where die p/ are distiiict primes contained 
in ir and r is an integer. The only automorphisms of F« are given by muhipUcation by 
lor-1. 

Writing Q^t'^ Dr Z,, where ei divides ei^ i and et = m, we have 

/-I * 

Ext {Q^,FJ= Dr {Fje^FJ. 
<-i t 

Define 6, to be the element of Ext {Q^ F,) which ciMiesponds to (1 + tf|F,, .... 
1 + fkF^) in the idxyve Aut F«-UKMnofphism. Then Cfme^iu) ^ Cfme^O + in^*) - 
1 since m > land Aut is multiplication either 1 cm: — I. Hence G((?, F«,e«) is 
countably infinite for each it. □ 

3. AntomcNririiisni gronpa whidi are subgroups of Ant 5 ^ 
Let 5 be a ncm-abelian finite simple group whose multipltar M(S) is cyclic and whose 
outer automorphism group Out 5 has cyclic Sylow subgroups. We are interested in 
those subgroups H satisfying S ^ H ^ Aut 5. It is clear that there is a correspondence 
between such groups H and subgroups H of Out S by means of the canonical surjection 
Aut S Out S. Therefore we will classify all subgroups of Out S. 

It is well-known that any finite group G with cyclic Sylow subgroups has 
presentation 

(•) {aMa" = 1 = d", b 'ab = a'> 

where r*B 1 (mod fn),m is odd, 1 £r<mandiRandn(r— 1) are coprime (Robinson 
[2], p. 281). If G is non-cyclic, then all subgroups of G are conjugate to a subgroup 
of tbe form (a*, b*) where k\m and (\tt. A subgroup AT of G is self-normalizing if and 
only if it is conjugate to a subgroup of die form (aSfr) where k\m or equivalently if 

and only if n divides \K\. 

If H = Aut G, then any conjugate of H in Aut .S is also isomorphic to Aut G. Hence 
we need only consider when those subgroups H which correspond to subgroups H = 
(a'',b') of Out 5 = {u,h) are automorphism groups. 

Since H has cyclic Sylow subgroups, MiH) = 0. In conjunction with the following 
lemma this will imply that MiH) is cyclic for any group H satisfying S ^ H < Aut S. 

LtMViA 3.1. Let N be a normal subgroup of o group Q such that M(N) is cyclic, 
N is perfect and M{Q/N) = 0. Then M{Q) is cyclic. In addition, ifM(N) = 0, then 
M(Q) = 0. 

Proof. W M(Q) = C < (?' D Z(Q) where Q/C - Q, and N/C - N, theniV = 
N'C since N is perfect. Therefore, N/N' < Z{Q/N) D (Q/N'Y and since 
(Q/N')/(N /N') = Q/N and M{Q/N) = 0. we have N = N' . Then C ^ N' H Z(N) 
and since N/C = N and M(N) is cyclic (MiN) = 0), M{Q) = C is cyclic (Af (fi) = 
C = 0) as required. □ 
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Let // be a group satisfying S < // < Aut S where S is as above and is not of type 
PSL( r. 2). Assume that H — Aut C for some Unite group G. By Theorems 2.1. 2.2 and 
Lemma 2.5. H = /Va,,,^! A ) where S - Q ■ H and K M(Q). Since M(Q) is cyclic 
by Lemma 3.1, Aut Q normalizes every subgroup K o{ M(Q). Hence Nf^^,^ q(K) - Aut 
Q. Since Out S has cyclic Sylow subgroups, normality is transitive in Out S (Robinson 
[2], p. 392). Therefore the subgroup H = Aut Q is self-normalizing in Aut 5. The above 
argument along widi Corollary 2.4 proves 

Lt^MM.A 3.2. A i>roup H with the above properties is the auiuniorptmm group of a 
finite group if and only if it is self-normalizing in Aut 5. 

Hence the group H of Lemma 3 2 is the automorphism group of a finite group if and 
only if H is conjugate to (a^.h) where k\m. 

We will now consider groups H where H is of the form {a'} or (//) for ( r- I and 
it ^ I . If // is sucli a group, then it is not the automorphism group of any group. This 
follows from 

LtiMMA 3.3. Let S he a non-ahelian finite simple group which is not of fvpe PSlAr. 2) 
and which has cyclic multiplier. Let H he a subgroup f/ Aut .S' containing S such that 
H /S is cyclic. If there exists a subgroup X of Aut S properly containing H such that 
[H,X] ^ S, then H is not an automorphism group. 

Proof. Suppose that // = Aut C for some group G. If G is finite, then // = N,s^^QiK) 
where S < Q ^ H and K < M{Q) by Theorems 2. 1 and 2.2. By Lemma 3. \, M(Q) 
is cyclic and hence H = A^a«o(^) = Aut Q. Since X ^ Aut Q = H, we gel a 
contradiction. 

If G is infinite, then H ss StAMoCe"^""^) by Theorems 2. ! and 2.2. Since Q/S = 
and [H, X] ^ S, we deduce that X operates trivially on and hence on Ext (Q^, F). 
This gives the contradiction that X ^ H. Hence is not an automorphism 
group. □ 

One consequoice of diis lemma is tfut any non-abelian finite sinq[>le groiq> 5 not of 
type PS L ( r, 2) with M(S) and Out 5 cyclic has no subgroups H satisfying S^H< Aut 
S which are automorphism groups. 

In order to find automorphism groups of infinite groups only we must concentrate on 
groups S w ith Out 5 metacyclic. but not cyclic. Theorem A will provide us with a group 
H satisfying S ^ H < Aut S with H = {a,b'') for k ^ 1 which is the automorphism 
group of infinite groups only. 

Proof of TttHORHM A. It is clear that Out S has presentation (*), and so it is a 

semidirect product. 

Let Q be the subgroup of Aut S such that Q is (a). Since Q^^ = Q/S, we have that 
m — l^abl is odd. By Lemma 2.6, we have continuously many groups G„ = 
C/(CF,,e,) with |Aut F,| = 2. Therefore the Aut f, -orbit of €^ is {£,,-€,} and by 
Theorem 2.2, Aut (C,) = StAMcCie,, -€,}). Since Q is normal in Aut S, it follows 
fmm Lemma 2.3 that Aut (G,) s StAuis({eir» -««})• 
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Define H = StA«,i({t,, - e,} ). It is clear that 5 < // ^ Aut 5 and that H s Aut (G,) 
for any such set ir. Hence ^ is a semisimple group which is isomorphic to the 
a u lonioiphism group of continuoudy many non-isomorphic countable groups. Finally, 
since b acts onQ^ = {a) as multiplication an integer r not equal to 1 or - 1 , it cannot 
stabilize {e«, -c«}. Hence H asuAH = {a,b*) where € * 1. It follows by lemma 
3.2 tfiat ^ is not die automoiphism group of any finite gioiq>. □ 

We are now in a position to give some concrete examples. 

Theorem 3.4. Suppose that p and m are prunes and risa positive integer such that 
gcd(r,p — 1) — 1 , m is odd, and gcdir^p" — \)isa square-free integer greater titan 
one. Then the subgroup H of Aut (PSLCr^p*)) generated by all of die inner, diagonal 
and graph automorphisms is die automorphism group cf continuously many countable 
groups but no finite groups. Notice that H ^ PGMr.p*") >4 <t) where r is the 
transpose-inverse automorphism. 

?fiioap. Let 5 = PSLCr.p'"). The multiplier M(S) is cyclic and [Out S\ = 
2m(gcdir, - 1 )) is squaie-ftee. Define the groiq) <a> to be the subgroup of all outer 
diagonal automorphisms and define (h) to be the subgroup of outer graph and field 
automorphisms. It is easy to show that any field automorphism acts in the proper way 
on (a). Hence Theorem A shows the existence of the group H and we may deduce its 
form from the formula H = St,\u,s({€, -t}). □ 

In particular, the groups PSL(7,/?') for ^ 1 (mod 7t and /»' = 1 (m(xl 7) provide 
an infinite class of examples of automorphism groups of infinite groups only. 

4. More groups which are automorpliisni groniM of infliiite groups only. The 

techniques used to decide which subgroups of Aut S are automoiphism groups can be 
used to construct more complicated groups which are automorphism groups of infinite 
groups only. 

Proof of Theorem B. Let p be a prime such that p - 2^ + 1 where ^ is an odd 

prime. Let P = <jf) be a Sylow /^-subgroup of the symmetric group Sym (p). Then 
Aut P = {(t) where x" = x" for some r > 1 . There exists an element y of Sym (/>) of 
order (p - 1) = 2^/ such that y '.rv = x'. Let T = ( v.y). Clearly T = (x) xi (y). Define 
M = (x.y''} and note that jy''| = 2. Since Sym (p) has (p - 2)! Sylow /^-subgroups, 
\Nsy^p,(P)\ = p(p - I) and so A/s>„,p, (P) = T. Clearly A^sy«(,,.(A^) = T. 

Let 5 be a complete non-abelian finite simple group with Af (5) = 0 and define H to 
be the permutational wreath product (S wr M). Then H is a semisimple group with 
completely reducible radical R equal to the base group. Let Q be any normal subgroup 
of H containing R. It follows that Q equals either R, R ^ ( v). or H. In each of these 
cases, MiQ) = 0 by Lemma 3. 1 and hence if// is the automorphism group of a finite 
group, then H = Aut Q by Theorems 2.1 and 2.2. Clearly H is properly contained in 
Aut for all possible Q, which diows that is not the automorphism group of any 
finite groiq>. Also a has order 2 and so it ftdlows from Lemma 2.6 that IfH 
is to be an wtomorphism group dien Q cannot equal RotH. 
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We shall choose QtoheR^ (x). Lemma 2.6 gives us an infinite group G(Q, F» e) 
with |Aut F| = 2 and so 

Aut {G{Q,F,e)) = Su.ylie. -e}). 

Since S is complete, Aut Q = S m T. A quick calculation shows that H s Aut 
iC(Q. F.e)) and hence H is the automorphism group of an infinite group. R 

The primes loss than 100 to which Theorem B applies are p = 1, i 1, 23, 47, 59, and 
83. It is not known if there are infinitely many such primes. 

This paper is an excerpt from the author s doctoral dissertation at the University oi 
Illinois (1983). 
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FINITE INTERSECTIONS OF PID OR FACTORIAL OVERRINGS 

BY 

D. D. ANDERSON AND DAVID F. ANDERSON 

ABvntACT. In this paper we study when an integral domiin it a finite 

intersection of PID or factorial ovcrrings. We show that any Krull domain 
is the intersection of a PID and a field. We give several sufficient conditions 
for a ICrull domain to be an intersection of tvw PID or factorial overrlngs. 

LUroductioa. An integral domain R is locally factorial if R, is t actorial for each 
nonzero, nonunit r E /?. In [I J. we showed that a locally factorial Krull domain is an 
intellection of two factorial overnnus. In particular, a locally factorial Dedekind 
domain is an intersection of two PID overrings. It is thus natural to ask when an integral 
domain is a finite intersection of lactorial or PID ovenuigs. Such an integral domain 
is necessarily a Krull domain. If is a Krull domain, then R h a locally finite 
uitersectioa of DVR*8. Henoe a Knill domain is ahurayi an inletaectioa of PID over- 
lings. Such a iqiresentation gives J? as a finite intetaection of DVR's if and only if R 
is a semilocal PID. 

In Section 1, we show tih^ttifwe do not restrict ouiselves to overrings, then any Krull 

domain is an intersection of two PID's. In a like manner, we characterize integrally 
closed (resp., completely integrally closed) domains as being an intersection of two 
B^zout (resp., completely integrally closed Be/out) domains. We also show that if R 
is a Krull domain, then R[X] is an intersection of two PID overrings. In the second 
section, we use divisor class group techniques to investigate when a Krull domain is 
a finite intersection of factorial or PID overrings. Our main result, I heorem 2.7, is that 
a Krull domain with countable divisor class group is an intersection of two factorial 
oveniogs. We know of no Knill &oaam whidi is not a fhiile interact i o n of fKloml 
or PID overrings. We end tlie paper with several other leiated open questions. 

Any undrfined notions and basic focts about Kiull domains may be found in [4] or 
[6]. ThfOtt^KNit, R will ahvi^ dmote an integral domain with quotient fieM K. Given 
a Krull domain R, we will denote its divisor class group by C((R), its set of height-one 
prime ideals by and the class of a height-one prime ideal P in Ci(R) by [P]. 

As usual, an overririfi of R is subring of K which contains R. Finally, given f{X) = 
Oo + aiX + . . . + a^X" £ /?[XJ, its content is the ideal Af = (Oq, of R. 

1. Finite intersections of PID*s. If a DVR V and a field /. are both subiings of a 
brger field then it is well-known that K O £ is again a DVR (£6J, Theorem 19. 16). 
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More generally, suppose that i? is a semilocal PID, say i? = V| n . . . n V«, where each 
is a DVR. Then X O L = (V^, H Z.) n . . . fl ( O L) is again a finite intersection 
of DVR*s, and hence is also a semilocal PID. However, if i? is a FID and L is a fold, 
then R n L need not be a PID, although it is a Krull domain. In fact, we next show 
that any Krull domain is an intersection of a PID and a field. For the basic facts about 
Kronecker function rings which we will use in our next several proofs, one may consult 
([6j, Sections 32, 34, and 44). 

Theorem lA. Let R be an integral domain. Then the following statements are 

equivalent. 

(1} R is a Krull domain. 

(2) R i.s an intersection of tno PID's. 

(3) R is an intersection of a PID and a field. 

Proof. Cleariy (3) (2) and (2) ^ (1). For (I) (3), we note that the 
Kronecker function ring of R with respect to the v-operation, /?' = {f/g\f,g £ /?[jc], 
g 0, (Aj), C is a PID ([6], Corollary 44.12) and /? = 0 AT ([6], 

Theoiem 32.7). □ 

Remark 1.2. If i? is a Krull domain, then R' is actually a Euclidean domain ([3], 

Corollary 5.2 and Th«)rem 5.3). Also. /?' is a localization of R[K]t namely if' = 

R[X}s. where S = {/£ R[X]\(Ail = R} ([5j, Theorem 2.5). 

In a similar manner, the properties of being integrally closed or completely integrally 
closed may be characterized in terms ot finite intersections of Bezout domains. 

Theorem 1 .3. Let R bean ituegral domain. Then: 

(1) The following three statements are equivalent. 

(a) R is intei>raH\ closed. 

(h) R is an intersection of two Bezout domains. 

(c) R is an intersection of a liczout domain and a field. 

(2) The follow ini; three stinements are eiiiavalent. 

(a) R is completely integrally closed. 

(b) R is an intersection of two completely integrally closed Bizout domains. 

(c) Risan intersection of a completely integrally closed Bizout domain and afield. 

Pkook. ( I ) This tollows as in Theorem 1 . 1 iroin the tact that if/? is integrally closed, 
then the Kronecker function ring R'' is a Bezout domain and R = R' (1 K ([6j, 
Theorem 32.7). 

(2) We need only show that if H is aniq>letely integrally closed, then R* is also 
completely integrally closed. For then, as in (1) above, i?' will be a completely 
integrally closed Bdzout domain and X = if' n AT. So let/, g E R[X] v/ithf/g almost 
mtegral ovarR". Then there is a nonzero h G R[X] such that hif/g)" G R" for each 
I. Hence (.4,/.).. C (A,-),.. Now AM,)". C (A>,(A,):\ = iA,r\. C (A,-\ = (AX- 
LetO =)fc r G A„. Then r({A,)"((A ) ')"\ C R, so r(A,)" {A,)'" C R. Let .v G A, and 
y e (>l,)"'. Then rixy)" G R for each n 2: I. Hence xy B R since R is completely 
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integraily closed. ThusiV(^«)~' ^ ^- Since i? is completely integrally closed, die set 
of i^-ideals of R forms a gioup ([6], Theoiein 34.3). Hence {Af% C iA,)„ \.e.,f/g E 
R\ □ 
For polynomial rings, die Kronecker function ring techniques yield better results. 

Theorem 1.4. Let R be an integral domain. Then: 

(OlfR is integrally closed (resp., cmnpUtely integrally closed), then R[X] is an 
intersection cf two Bizout (resp., completely integrally closed Bizout) dmnam over- 
rings. 

(2) If R is a Krull domain, then R\_X\ is an intersection of two PID overrings. 
Moreover, each PID averring may be chosen to be a Euclidean domain which is a 
localization of RlX\. 

Proof. It is sufficient to show that R[X] = R* D K[X\ for any e.a.b. *-operation 
on R (see [6], Section 32. (or relevant definitions). For if/? is integrally closed, then 
R[X] = R'' 0 K[X]: vvhile \i R is completely integrally closed, then R[X] K Pi 
K[X]. As in the proof ot I heorem 1..^. R'' is a Be/out domain and R is a completely 
integraily closed Bc/^oul domain. If R \h d Krull domain, the /?' is a PID. The 
"moFeover" statemoit follows foim Remaik 1.2. 

Clearly R[X] CR*n K[X]. Conversely, let A = Co + c,X + . . . + c^" eR*n 

[X]. Then A = (oo + a,X + . . . + aJC')/b for some Oo, . . . , 6 € i?. Since 
R* is well-defined, (Oo, . . . , a,) C (oq, . . . , a«)* C (b)* = (b). Thus each a, is 
divisible hyb,soh€^ R[Xl □ 

It then follows immediately that for a Krull domain R, any localization or subin- 
tersection of /?[.Y] is also an intersection of two PID overrings. In particular, this holds 
for the two rings /?(.V) and Recall that/^tA ) - /?[A'],v and = where 
5 = {/e R[X]\Ai = /?} and [/ = {feR[X\\f is monic}. 

Remark 1.5. If/? is a Krull domain, then we have seen that /?[A' J = R[X]s n/?[X]r, 
where .V = {/E R[X]\{A,). = R} and T = R\{0] ko R[X\i = K[X]). and each 
localization is a PID. A natural question is whether this result extends to power scries 
rings. Let be a Krull domain, S = {f E R[[X\\\{A^, - R}. and / - R\{0}. Then 
it may be shown that RU.X]] = R[[X]]s n RI[X]\t and that R[[X]]s is a PID. 
However, need not be foctorial, let alone a PiD. For example, if R is factorial 

but R[[X]] is not factorial (for such a Krull domain, see [4], page 1 18), dien R[[X]}r 
can not be factorial by Nagata*s Theorem (Theorem 2.1). 

2. Finite iBtenectknis of fKtmrial overrings. In this section, we investigate when 
a Krull domain K is an intersection of a finite number of factorial subiittersections. Let 
J? be a Krull domain with X = (R) its set of height-one prime ideals. ForYCX, 
Ry = Hper Rf is also a Krull domain, and is called a mbintersecHtm of J?. Note tiiat 
i? « i?r, n . . . n /?K„ if and only if <Jf = K, U . . . U K„. This fact follows from the 
approximation theorem for Krull domains ([4], Theorem 5.8), and it will be used 
implicitly in the proofs of Theorem 2.5 and Theorem 2.10. Our main tool will be 
Nagata's Theorem ([4J, Theorem 7.1), which relates Ci{R) to Ci{Rt). For future 
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reference, we include Nagata's Theorem. 

Tin.oKt.M 2.1. (Nagata's Ihcorcm). Let R he a Kriill domain and Ry a suhinwr- 
section oj R. Then ilw naiural humomorpinsm (});C((/^) — » QiiRy) is surjective and 
her 4) is generated by {[P]\P E X - Y}. 

Recall that each localization Rs is a subiiilL'i section; in fact Rs ~ Ry. where Y = 
{P\P n 5 = <})}. Thus ker (C/(/?) ^ C((/?j) is generated by {[P]\P E X and P D 
S ^ <t)}. Also recall that it /? is a Dedekind domain, then each overring of /? is a 
subintersection and factorial overrings are just PlD's. Our next lemma, an easy con- 
sequence of Nagata*s Theorem, will prove very useful. 

Llm.m A 2.2. Lei R he a Krull domain and P\, . . . , P^E. X = Then Qi(R) 

is generated by the elasses of X\{Pu • • • . P„}- 

Proof. Let K = {P, P,,}. Then /?k = /?/>, n . . n Rp^ is a semilocal PID, and 

hence Ce(Ry ) = 0. By Nagata's Theorem the kernel of C€iR) CURr), which is 
Ct(R ). is generated by the classes of X\Y. □ 

As mentioned earlier, in ([1], Theorem 2.3 and Proposition 6. 1) we showed that if 
|{ is a locally factorial Krull domain, then R is an intersection of two factorial overrings. 
Those proofil actually show that if is a locally factorial Krull domain, then R = 
/?, n R for some nonzero, nonunits .r. y £ R with R and R each factorial. Our next 
theorem shows to what extent this property characterizes locally factorial KruU 
domains. 

Theorem 2.3. Let R be an integral domain. Then the following statements are 

equivalent. 

(1) R is a Kndl domain and C({R) is finitely f^cneraled. 

(2) There are nonzero x, y E. R such that R - Kj, H Ry and Hj, and Ry are each 
factorial. 

(J) Tiler e are nonzero X\, . . . , x„ E. R such that R - R,^ H . . . H Rj,^ and each R^. 
is factorial. 

Pr(X)F. Clearly (2) ^ (3). If /?, is factorial for sonic non/ero .v G R. then by Nagata's 
Theorem CUR) is finitely generated since v is contained in only a finite number of 
height-one prime ideals. Thus (3) (1). So we show that (1) ^ (2). We may assume 
that R is not factorial, and hence J? has infinitely many height-one prime ideals. 

Suppose that [Pi] [P„] generate C€(R). Choose 0 # x € /»i n . . . n P,. We may 

assume that these are die only height-one prime ideals that contain x. Since CiiR) » 

{[P]\P € X*^\R)\{P P,}) by Lemma 2.2, there are height-one prime ideals Qi, 

• • • f Cm of J?, distinct fiom P|, . . . , P„ , whose classes generate C€(R). Gioose y € 
(Ci n . . . n Q,„)\iPi U . . . U P„). By Nagata's Theorem. R, and /?, are each factorial. 
Since x and y belong to no common height-one prime ideals, we have (jc, y), = R. Thus 
R^R^nR, ([1 J, Lemma 2. 1 ). □ 

Remakk 2.4. If i? is a Dedekind domain, then C€(R) is finitely generated if and only 
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if either (2) or (3) holds with each R,^ a FID. However, one may have R-Rt,r\R, with 
Rj wad Ry each a ND, but K not a Deddund domain. For example, let i? be a 

two^limensional local factorial integral domain. 

We next determine cunditions on so that a Krull domain R will be an 

intersection of a finite number of factorial subintersections. 

Theorem 2.5. Let R be a KruU domain with X = andC = C€(R). Then the 

fifUamng mtemems ate e^vaient. 

(DX^Xt U ...UX,,XinXj = ^fori*hondG^{[P]\PeX\X,)fareach 

i = I , . . . , w. 

(2) .Y = .V, U . . . U X„ and G - {[P]\P G X\X ) for each i = I n. 

(3) R - Ri n . . . n R^, where each Ri, i = I, . . . , n, is a facioriai subintersection 
ofR. 

Moreovn*, if it is a Dedekind domain, then in (3) each is a PID oveiiing of R. 

Proof. Cleariy(l)^(2).For(2)^(3),letJ?,= i?x,foreachi= 1 n.Then 

R~RxC\...C\Rn sinceX = X| U . . . U X.. By Nagata*s Theorem, eachi?^ is factorial. 
Finally, suppose that (3) holds. Since each R, is a subintersection, Ri = Ry, for some 

Y, C X. Then A" = K, U . . . U K„ since /? = /?, fl ... fl J?,. Define X, = K,\(Ai U . . . 

U Xi-i) for each / = 1 n. Then X = X, U . . . U X„, and the X,'s are pairwise 

disjoint. Since each R ^ /?, is factorial and .V, C K^, thus Ry, C and hence each 
Rx, is factorial. Again, by Nagata's Theorem G = {\.P]\P £ for each i = I , 

. . . , /I. o 
Theorem 2.S motivates our next observation. 

PROPOSmoN 2.6. Suppose that Risan intersection of n factorial or PID siMmer- 
sections afR. Then any subintersection ofRis also an intersection cfn such overrings. 
In particular, a Dedekind domain Risan ituersectitm of n PID overrings, tiien any 
averring cfRis also an intersection of n PID overrings. 

Proof. Suppose that i? = it| n ... n /;„ where each R, i?r, is a factorial 
subimersection of H. LetJ^rbeasubutersectionof it. Next, let K/= Yi 0 YaniRI* 
Rr,. Then « J?! D . . . fl i?;;, and each J?; is factorial since Y' C Y,. □ 

If /? is a Krull domain with finitely generated divisor class group, then by Theorem 
2.3 is an intersection of two factorial subintersections. Our next theorem extends this 
to Krull domains witfi countably generated divisor class groups. 

Theorem 2.7, Let R he a Krull dumain with G = CUR) countable. Then R is an 
intersection of two jactoruil subintersections. In addition, R is a Dedekind domain, 
then R is an intersection of two PID overrings. 

Proof. By Theorem 2.3. we may assume that C is infinite. l et G = {x„}^^,. Now 
.v, G {[P]\P G K|) for some finite y\ C X = A""(/?). By Lemma 2.2. also v, G 
([PJlP E Zi) for some finite Zi C X with Yi H Zi = <j). Continuing this process, for 
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each positive integer n there are disjoint finite subsets Y, and Z„ of X, each pairwise 
disjoint from the previously defined K/s and Z,% such that Jt; E ([PJlP € K,) and 
X. e {[P]\P 6 Z,>. Ut y = Ur=, n and Z = U;., Z,. Then Knz = <|)andC = 
<[/»]|P € y> = <[P]|P e Z). Next, let X, = K and = D Z. Then ;if = X, U 
^2. n X: = <}). and C = ([P]lP G X,) for 1=1.2. Hence by Theorem 2.5, R is 
an intersection of two factorial subintersections. □ 

Remark 2.8. In particular, Theorem 2.7 is applicable if either R or X^^\R) is 
cottntabte. We know of no KniU domain which is not an intnsection of two factorial 
(in fact, PID) subintersections. Thus the countable version of Clabom's construction of 

Dedekind domains ([2] . Theorem 2. 1 , or [4], Theorem 15.18) can not be used to obtain 
a Dedekind domain which is not an intersection of two PID overrings. 

Our next example shows that Ct{R) alone cannot be used to determine if there are 
any i^il domains which are not a fmite intersection of PID overrings. 

Example 2.9. Let G be (my abelian group. Then for my positive integer it (or 

there is a Krull domain R of dimension n with C£(R) = G which is an mtersection of 
two FID overrings. each of which is a localization of R. We do the case when n = 1 
(i.e., R is a Dedekind domain); the case when n > 1 then follows easily from Theorem 
1 .4. By C labor n' s Theorem {[4\ Theorem 14.10) there is a Dedekind domain A with 
Cl(A) = G. Then R = A{X} is a Dedekind domain Proposition 2.3). and it may 
be shown that Cl(R) — G. By the remark after Theorem 1 .4, R is an intersection of 
two PID overrings, each of which is a localization ofR. Alternately, ([7], Theorem 2.3) 
may be used to construct a Dedekind dom^ R with C€(R) = G which is an inter' 
section cftwo PID overrings. 

Our final two results may be viewed as companion theorems to Theorems 2.3 
and 2.7. 

Thlori m 2. 10. Let R he a Krull domain (resp., Dedekind domain) with G = C€(/?). 
Then the followini; statements are equivalent. 

(1 ) G is finitely generated. 

(2) R = Ri f) R2, where /?i and Rz are subintersections with R^ factorial (resp.. a 
PID) and R2 a semilocal PID. 

Proof. ( 1 ) ^ (2). Say that [/»,] [P„] generate G. Let R: - /?,., D . . . n Rp_^ 

and /?, = Ry for Y = P„}. Clearly /? = /?, D and /?. is a semilocal 

PID. Also, by Nagata's Theorem i?, is factorial. (2) ^ (1). Let y?2 = H ... D Rp^ 
and^, =i?2forsomeP„....f.eX = X"'(i?)andZCJr. Also, let y = X\{P„ ... i 
Then K C Z, and thus is factorial. Hence G = <[P|], . . . , [/>,]> by Nagata's 
Theorem again. □ 

Theorem 2.11. Let R be a two-dimensional Krull domam with only a fmite number 
of height-two maximal ideals, and let G = CtiR)rTken: 

(I) If G is finitely generated, then R is an imersectUm of a PID averring and a 
semiloceU PID averring. 
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(2) If G is cmmtaUe. tiien Risan intersection cf two PID overlings and a semitoceU 
PID averring. 

Proof. Let Af| M„ be the height-two maximal ideals of/?. Choose 0 ^ jr G 

Ml n . . . n M„. Let P|, .... be the height-one prime ideals of R which contain x. 
Then i? = n /?/>, n . . . n Z?/.^. Now is a Deddund domain uAR,^^\ . . . f\ Rp^ 
is a semilocal PID. Parts (1) and (2) now follow fiom Theorems 2.10 and 2.7» 
respectively. □ 

We close with several open questions. 

Qi ( srioN I. Is each integrally closed (resp.. completely integrally closed) domain 
an intersection of two Bezout (resp., completely integrally closed Bezout) domain 
overrings? 

Question 2. is each Knill domain an intersection of a finite number of PID or 
tectorial overrings? 

Question 3. If J? is a finite intersection of PID or factorial overrings, is R actually 
an intersection of two such overrin^? 

There are also several other variants of tfie above qi^stions. Fbr example, we may 
ask if die overrings may be chosen to be localizations, siitriniersections, or flat over- 
rings of i?. 
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INTEGRALLY CLOSED CONDENSED DOMAINS ARE BEZOUT 

BY 

DAVID F. ANDERSON, JIMMY T. ARNOLD AND DAVID E. DOBBS 

AsmtACr. It is proved that an integral domain /t is a B£zout domain 

if (and only iO R is integrally closed and / 7 = {//lie /.y £ 7} for all ideals 
/ and J of /?; thai is, if (and only if) R is an intccraily closed condensed 
domain. The article then introduces a weakening of the "condensed" con- 
cept which, in the context of the A -I- ill oonsiractioii. h equivaleal to a 
certain ndd-thcoretic condilion. Finally, the field extensions satttfyiag this 
condition are classified. 

1 . Introduction. Condensed (commutative integral) domains were introduced by 
Anderson and Dobbs in [1]. Recall that a d(Miuun/? is condensed if IJ = E I, 
y E 7 } for all ideals / and J of R. Bezout domains provide the most obvious class of 
condensed domains, but as ([I], Example 2.3) illustrates, a condensed domain need not 
be a Rczout domain. This article is motivated by the results in [1] that characterize 
condensed domains within certain larger classes of domains. Sfxcifically. a GCD- 
domain is condensed if and only if it is a Bezout domain ([Ij, Proposition 2.12); a 
Prflfcr domain is condensed if and only if it is a Bezout domain ([1], Condlary 2.6); 
and a Knill domain is condensed if and only if it is a PID ([1], Proposition 2. 13). Since 
CCD-domains, Prafer domains, and Kiull donudns are integrally closed, diese results 
are immediate consequences of our 

Main Theorem. An integral domain is a Bizout donuun (f (and only if) it is 
integnUfy closed and condensed. 

Seeking to sharpen the above characterization of Bezout domains, we introduce in 
Section 3 the notion of a quasicondensed domain. The precise definition of this weak- 
ening of the "condensed" concept (given below) is motivated by the nature of the proofs 
and examples in [ 1 ] and Section 2. It will be shown that there exists an integrally dosed 
quasicondensed domain which is not a B^Eout domain. More generally, tihe questioo 
of whidi D + M oonstractions lead to quasicondensed domains b reduced in. 
Theorem 4 to die proUem of durKterizing a certain type field extension. The 
underlying field theory is then treated in Theorem 5. 

Throughout, R denotes a domain. Any unexplained terminology is standard, as in [2] 
and[S]. 
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2. Piroof of the main theorem. We need only prove diat any integrally closed 
condenaed domain is a BteNit domain. By ([1], Corollary 2.6), it suffices to show 
that!? is a PMkfer domain. We dodiis 1^ drawing HmRm is a valuation domain for each 
maximal ideal M of J? ([5], llieorem 64). By ([1], Proposition 2.4), each ovefiing of 

a condensed domain is again a condensed domain. Thus each /?„ is a condensed 
domain, and we have reduced to showing that any int^rally closed quasilocal con- 
densed domain is a valuation domain. 

Let R be such an integral domain, and let r be a nonzero element in the quotient field 
of R. We must show that either r or r ' is in R. Write z - vy ' where r, y E R, and 
then set / = (A',y")andy - (a, >). Since + >'^£/7and/i is condensed, there exist 
a, fr, Cyd'vciR such that 

jc^ + y' = (fljc^ + by^)icx + dy) = acx^ + adx^y + ^cjcy^ + bdy\ 

Collecting terms and dividing by y' yields 

(I - flc)r' - adz^ - bcz + (I - bd) = 0. 

Since R is quasilocal. it is readily seen that at least one of the eoelficients of this 
polynomial is a unit. Thus by the u, u ' '-Lemma ([5], Theorem 67), either z ^ R ot 
z'eR. □ 

3. QmaieoBdaiaed domafaiB. We shall say that an integral domain R is quasi- 

condenaed if /" = {i\ . . . E / for 1 < j < n) for each positive integer n and each 
two-generated ideal / = {a, b) of R. It is clear that each condensed domain is quasi- 
condensed. However, an integrally closed quasicondensed domain need not be con- 
densed. According to the Main Theorem, this last statement means that an integrally 
closed quasicondensed domain need not be a Be/out domain. An example which 
illustrates this is /? = C + XC( Y)[[X]]. A major portion of this section will be devoted 
to establishing (a generalization of) this assertion. First, we find consequences of 
"qu a slco nd enged** in two classical settings. 

Proposition 1. If R is a Noetherian quasicondensed domain, then depth {R) ^ 1. 

ntoop. This follows from the proof of ([1], Theorem 3.3) usmg the easily proved hct 
ttwt any localization of a quasicondensed domain is agam quasiooiidensed. □ 

ftorasmON 2. Let {R, M) be an integrally closed quasilocal quasicondensed 
domabt, with remkie field k (=R/M). Then either R is a valuation domabu, orkis 
idgebnucaUy dosed. 

Proof. Suppose that R is not a valuation domain. Choose a, b E R such that / = 
(a, b) is not principal. V(KdBR,ktd denote its image m k. We shall show diat any 
/€ of degree ii 2 1 has a root ui it. Write/(X) = Dj.o ajX^ E k[Xl for auhable 
Off G it. As S'_o Ofa^V"^ 6 /Mhe fiKt (hat J? is quasiooodenaed allows us Id write 
2;., ota^y-i = (Po* + V*'-'-^) far suitable % % € R, After omlti- 

ptyog and coUecthig terms, and then dividmg by ^, we find S;.o h^ab'^ = 0, 
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where 8,, = a« - 3o7o. 8„ = a„ - P,7„-i, and 8, = a, - - po7;' for I =s y < 

/I — I. Since neither ab~^ nor ba'^ is in R, it follows f rom the u, u '-Lemma ([5j, 
Theorem 67) that bjE M for each Thus applying ( ~ ) yields do = Po7o. = Pi7j- 1 
+ P(,7^ for 1 < j < n - 1, and a„ = Pi-y,, !. Accordingly, one has the factorization 
f{X) = + P„)(7«-i^""' + . . . 7o) in k[X], and the result follows. □ 
We next assemble material that will lead to a partial converse of Proposition 2. 

Proposition 3. Let K/k be a field extension. Let T = K + M be a quasi-local 
domain with mitximal ideal M. Let R denote the (quasi local) domain k + M. Let I = 
(a, b) be a proper ideal of R, with ba~* = a -\- m E T (a E K, m G M). Set W = 
k + ka, viewed as a k-subspace of K. Then: 

(a) !" = W'a" + Ma" for all n ^ 1 . 

(b) Forn> l,r = {if . . . i„\ each £ 1} if and only ifl.%^ ka' = U"^ , (it + ka). 

Proof. The proof of (a) is straightforward (cf. [3], Lemma 3.2). 

(b) (=^): One inclusion holds in general. Conversely, let p E 2"^o ka'. By (a), 
Pfl" G /", and so the hypothesized description of /" yields 3«" = (P:<' + ^if) • • . 
(P,a + m„a) for some ^, E k + ka ^ W and some m, E M. Since W"a" fl Ma" = 
0, p = p, ... P„ e n:., (k + ka). 

«=): Let X E /"\{0}. By (a), write x = ^a" + ma", for some p G W", m G M. We 
may assume that 3^0. Since P = P, . . . P„ for some nonzero elements p, G W, 
X = (Pifl) . . . (P„-ia)(P„a + -yma), where -y (P, . . . P„-i)"'. In particular, x E 
{/, . . . /„| each G /}. □ 

In view of Proposition 3, the next definition seems timely. An extension K/k of 
fields is said to satisfy property ( * ) if 2", „ ka' - , {k + ka ) for each a E K and 
n > 1. 

Theorem 4. Let V be a valuation domain of the form K + M, where K is a field and 
M 0) is the maximal ideal of V. Let k be a subfield of K, and set R = k + M. Then 
R is quasicondensed if and only if K/k satisfies (*). 

Proof. This follows easily from Proposition 3(^) in view of the following two 
observations. First, for nonzero a, b E R, either aft ' or ba'^ is in V since V is 
a valuation domain. Secondly, since M is nonzero, each nonzero a E K may be 
written as a = fta ' for some nonzero a, b E M. (Choose 0 m E M,\ct a = m and 
b = am.) □ 

Thus, we have reduced the question of which k + M's are quasicondensed to the 
question of which field extensions K/k satisfy (*). Here is the answer to the latter 
question. 

Theorem 5. An extension K/k of fields satisfies (*) if and only if either 
(a) k is algebraically closed, or 

ib) K/k is algebraic and for each a E K, each nonconstant f E k{X^ with degf < 
[)t(a): it] splits over k. 
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Proof. If K = k. then (*) and {h) hold, so we may assume that K k. Choose 
a E K\k. First, suppose that {a) holds. Then any ^"^^ ^ *[-^] factors as b 11"= i 
{X — c) for some b, d E k. Hence S"=o = b n"_|(a — c,). Next, suppose that 
(b) holds. Let m = deg (a). As above, we then have 2"=o ^a' = 11"., (k + ka) for 
each < m. For m, just note that S,",o ^a' = S,"lo' ^a' and H". , ( A + Aa ) D II,'!',' 
(A- + ka) since deg (a) = m. 

Conversely, suppose that K/k satisfies (*). If K/k is not algebraic, select a E A" 
transcendental over k; interpreting (*) in k[X] ( = k[a]), we see that k is algebraically 
closed. Thus we may assume that K/k is algebraic. Let a E K\k, with g the minimal 
polynomial of a over k; set n — deg g. Let f{X) = Oo + a\X + . . . + a^X" E k[X], 
with \ ^ m < n. Since AT/it satisfies (*), 

flo + flftt + . . . + fl^a" = + fitt) . . . (fc„ + c„a) 

for some b„ c, E Jt. Let h(X) = (fc, + CiA") . . . (b„ + c„X). Then /(A) - hiX) has 
a as a root, and so is divisible by g. Since m < n, necessarily f{X) - h{X) = 0, so 
f = h splits over it. D 

Combining Theorems 4 and 5 (with the Fundamental Theorem of Algebra), we see 
that /? = C + XC( is quasicondensed. It is well known that R is quasilocal and 

integrally closed, but not a Bezout domain (cf. [2], Exercise 1 1 , page 202 and Exercise 
13, page 286). While each localization of a quasicondensed domain is quasicondensed, 
an overring of quasicondensed domain need not be quasicondensed. (Contrast with the 
"condensed" case [I], Proposition 2.4.) Indeed, by Theorems 4 and 5. the overring 
C(y') + XC(>')[[A]] is not quasicondensed. 

If K/k isa field extension such that each a E has [A(a) : k] ^ 2, then clearly K/ k 
satisfies (*). In particular, if {K :k] = 2, then K/k satisfies (*). The next remark 
investigates (*) in greater detail. 

Remark 6. (a) If an algebraic field extension K/k satisfies (*), then K/k is either 
separable or purely inseparable. To show this, we may assume that char (k) = p > 0. 
If a E A" is not purely inseparable over it, then k{a''") = k{a) for each n ^ I since K/k 
satisfies (*). Hence each element of K is either separable or purely inseparable over k 
([4], Exercise 9, page 288). By [4], Exercise 4, page 288, the field extension K/k is 
either separable or purely inseparable. 

(b) Suppose that k is not algebraically closed and that K/k is separable and satisfies 
(*). Then K/k is finite. For if K/k is infinite, then K has elements of arbitrarily high 
degree ([6]. Lemma \, page 194). contradicting (*). If K/k is a proper finite Galois 
field extension which satisfies (*), then [K :k] is a prime. This follows easily from the 
Fundamental Theorem of Galois Theory and the Primitive Element Theorem. 

Let A/A be a purely inseparable field extension with char (it ) = p which satisfies ( * ). 
Then [A(a):A:] = p for each a E K\k. However, unlike the separable case, such a 
purely inseparable field extension can be infinite dimensional. For example, let it = 
Z/2Z({X^};.,) and K = l/2li{XX^i)- Then K/k is an infinite purely inseparable 
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field extension which satisfies (*) since each a E K\k has degree two over k. 

(c) We ^ow diat for each prime p there is a Galois field extension K/k of degree 
p v^ich satisfies (*). Our example is nKxIeled after Artin's proof (cf. [6], Theorem 1, 
page 169) of die existence of algebraic closures. Lctko = Q. For each n ^ 0, we define 
inductively a field extension A;,. If /b, has been defined, then 1 is the field gmerated 
over k„ by all elements of C which have degree strictly less thtti p over 1^. Tim let 
/t = U„, , A„ and K = k(2^'''). Since Ae degree over Q of each a E ^- is not divisible 
by p, [K ■.k] = p. By construction k contains all pth roots of unity; thus Ak is a splitting 
field for X'' - 2 over k and hence is Galois. Finally we show that Aw / k satisfies (*). 
Let /E k[X] have 1 < deg/ < p. Then / E ^^L-^ j for some n, and hence by construction 
/ splits over k„ , t C k. 

By ([Ij, Proposition 2.5), each condensed domain has trivial Picard group, i.e., each 
invcftUyle ideal is principal. As a closing question, we ask if, analogously, each 
quasicondensed domain also has trivial Picard group. If this were tnie, then by Propo- 
sition 1 , an integrally cloaed quasicondensed Noetherian domain would be a PID. In 
closing, we do have die following partial resuh. 

Proposition 7. Let I be an ideal oj a domain R with I " = xR for some n ^ 1 and 
xB R. Ifr = {j'l . . . /„| each ij £ /}, then 1 is principal. 

Pr(X)h. By hypothesis, a = /| . . . /"„ for some elements /, E /. Since each (i,) CI 
and /" = xR = (/|) . . . (iJ C /", it readily follows that / = {ij) for each I S 
j^n. □ 
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ANOTHER CLASS OF CYCLICLY EX TENSlBLt AND 
REDUCIBLE PROPERTIES 

BY 

B. LEHMAN 

Abstract. A space SIim property P-i if 5 it nonempty. For ii> -I. 

S has property P„ if it is ItKally connected, luis property P , ;ind if 
whenever it is written as a union, S = A \J B where each ot A and B i& 
closed aid has property P,-i, then A Ct B also has property P.-,. The 
purpose of this paper is to establish ihui f«r locally compact spncet, ench 
of the propeities P, it both cycUcly extensible and reducible. 

latrododiM. In [3], it was shown diat i^-coheience is, under certain conditions, 
both cydidy extensible and ledudUe. Ui thu paper, we define a weaker class of 
propoties similar to propeities defined by Vieloris in 1932 [14]. We show that for all 
connected, locally connected and locally compact Hausdorff qMces, these properties 
are all cyclicly extensible and reducible. 

I. PRmJMDiAiUES. Throughout dlis pq;ier, M denotes a connected and locally con- 
nected Hausdoifr space. 

A point p of is an end point ofMifp has a neighbourhood base of open sets having 
singleton boundaries. /? is a cut point of M it A/ - /j is disconnected. Two points a and 
b M dst said to be conjugate in M it and only it no point of M separates a and h in 
M. E(a. b) denotes the collection of all pt)ints of M which separate a and b \n M and 
*'<" denotes the cut point order on E{a,b) U {a. b} - i.e. a < x. v < b ttir all a G 
E(a,by, a<b, and \i x, y E E(a,b) then a < y it and only if jc £ E(a,y). (li has been 
established, ([IS and [2]), that E{a,b) U {a, b} is closed and compact and that the 
subspace topology on E{a,b) U {a^b) is the order topology rebtive to the cut point 
order.) An A-^ of ill is a closed siibaet of A# such that eveiy component of M - A has 
singlelon boundary. If a, 6 € M, then C(a,b) = O {A: A is an A-set cfMmda^ 
l> E A} and is called the cyclic chaiH in Mfrom atob.UECM, then £ is an Eo-set 
of M if £ is nondegenerate, connected, contains no cut point of itself and is maximal 
with respect to these properties. A cyclic element of M is a subset of M which is an 
£o-set of M or is a singleton cut piiint or end point of M. A property is cycliclv rcdiu ihle 
if whenever a space M has the property, then every cyclic element of M has the 
property; a property is cyclicly extensible if whenever every cyclic element of M has 
the property, tfien M does also. 
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2. DEHNITION. a space has property /*_, if S b non-empty. S has property P„, 
n > — 1 5 is locally ctmnected, has pr<^rty P,-i and whenever S = A KJ B is a 
division cf S into closed sets each having property P^-u then AHB also has property 

We note that PqU connectedness plus local connectedness and Ft is unictAerence 
local connectedness. 

3. N0TATKN4. In the rest of this paper, if 5 C i4 for some i4-8et A^ then 5* denotes 
the union of S with all cmnponents CofM - A such that the boundary of C belongs 
to 5. 

4. Lemma. IJ M is locally compact, then for each nonnegative integer n, if M has 
property P„-\, then M has property P„ if and only if every cyclic element of M has 
property P„. 

Pkooi , We state an induction hypothesis /(/;): MM is locally compact, itien 

(a) it M has property P,,. then every cyclic element ot M has property P„; 

(b) it M has property P„-\ and every cyclic element of M has property P„, then M 
has property P„ \ 

(c) if il# has property P«, then every A-set of M has property P^\ and if A is an A-set 
of Af and Z is any locally oonq»act subset of M such that A n Z # <^ and Z has propnty 

then A n Z has property P,\ 

(d) if M has property i4 is an A-set of M. and ^4 = 5 U Tis a division of M into 
closed sets each having property P„, and if L = S* and N = T KJ (A - S)*, thra 

= L U A' is a division of M into closed sets each having property P„. 

/(O) - a and h are immediate and /(O) - < and il have been established elsewhere, 
([5j, Theorem 5.3 and [3], Theorem 3, respectively). 

Assume that l{n - I) has been established, /j > I . Suppose that M has property 
and that E is an £o-set of Af . Then M has property /*,_ i , so by /(/i - 1 ), £ has property 
Sun>ose £ = 5 U r is a division of E into closed sets each having property P„- 1 . 
UtL = S*, = 7 U (£ - 5)*. By /(« - 1), A# = L U N is adivision of A# into closed 
sets each having propnty Since M has property P«, L O has prc^ierty 
Further, it was established in [3] , (Theorem 3)thatLniV = 5nr. Thus E has property 
P„, and it follows that every cyclic element of ilf has property P,. Thus /(m — 1 ) implies 
l(n) - a. 

Now assume that M has property P„ \ and that every cyclic element of M has 
I^operty P„. Suppose M = 5 U 7" is a division of M into closed sets each having property 
P„-\. Then each of .V and T is connected and locally connected and 5 fl T is locally 
compact. We now show that 5 H 7" is connected and locally connected. 

Suppose that 5 fl 7 = W U Z where W and Z are disjoint closed sets. If £ is an Zio-set 
of Af, then £ = (£ D 5) U (£ fl 7) and since 5 and 7 are each connected, it follows 
from Theorem 5.3 of [6] that £ n 5 and £ n 7 are each connected and locally 
connected. Since £ has property P„ £ 0 5 O 7 is connected. Thus £ O 5 O 7 C W 
or£n5n7C Z. LetwEH'. z€Z. Since no f^rset of A# meets both and Z, 
£(iv,z) # ^. Since w, z65n7, and5and7are each connected, £(m',z) C 5 H 
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r. Let /, be the last point in {E{w,z) u {w,z]) n W andiz be the fvst point in 
(E(w, z) U {w, z}) n Z. Then i, # and r, and are conjugate in M. It follows ([S], 
Theorem 6.2) that C(ri, fj) is an Eg-set of A# that meets both W^andZ. Smoe this is a 
contiadiction, 5 O 7 is connected. 

Suppose now that 5 fl r is not locally connected Then there is an open set of M and 
a pouit pES DT such that p lies on a continuum of convergence /) = iim Da, where 
for each a, D„ is the closure of a component C„ of O C) S D T and the components of 
O n S n r containing D and D„ arc distinct, ([I]. Theorem 8). Since D is a continuum 
of convergence of /W. there is an /s'u-set E of M such that /) = Mm E D D„ ([2J, Theorem 
5.13). This imphes that £ H 5 D T is nondegenerate. Now E fl S and £ fl 7 are 
connected and locally connected and for each a, £ fl D„ is contained in a component 
QfOnsnTHE distinct from the component of OnsnTHE containing £ D 
D. But diis unplies diat £ n S fl T is not locally connected, v^ich is a contradiction 
since E has fxoperty P«. Thus 5 H T is locally connected. 

hlow let £ be an ^set of 5 n r £ C £ for sonie £;rset £ of M . Since M has propeity 
/*„_!, /(« — I) implies that each of E,5 fl £and 7 fl £has property i. Further since 
M has property P„. £ fl 5 n 7 has property P, |. Now £ is an £,)-set of £ D S D 7", 
so by l(n - 1), £ has property P„ i. It Ibllows that evey cyclic element of .S' Pi T has 
property P„ i . so again by the induction hypothesis, S HT has property Pm-i' Thus M 
has property P„ and /(//) - h is established. 

Now assume that M has property P„ and that A is an -4-set of Ai. By /(« - \),A has 
property f i (since does). If £ is a cyclic elmient of A, (hen £ is a cyclic etement 
of iH. It follows, suice /(n - 1) implies /(n) - a, that £ has property P,. Thus every 
cyclic element of A as property and since /(n - 1) inq[»lies /(n - 1) - d, A has 
property P.. Further, ifZ is any locally ctmipactsubs^ of Af such diat A DZ^^and 
Z has property P., dien since A O Z is an A-set of Z, it follows from what we have just 
proved that A O Z has pnqperty P,, Thus I{n) - c is proved. 

Finally, assume that M has property P„, that A is an A-set of A/ and that A = S \J 
7 is a division of A into closed sets each having property P„. Let L = S* . N = T U 
(y4 — 5)*. By /(/I — I ), L and ,V each have property Z',, |. Let E be an tn-set of L. Then 
either £ C or £ C C for some component C o\ M - A such that C C L. If the latter, 
then £ is an £o-set of C and therefore of M, and it follows from what has already been 
proved that £ has property P.. If £ C A, let ^ be the Erset of 4# such that £ C Then 
£ has property P«. Further, suice 5 is a locally compact subset of Af and has property 
P«, it agaui follows from what has abeady been proved that 5 n £ has property P«. 
Smoe £ is an fio-aet of 5 n £, £ has property P«. Thus eveiy cyclic element of L has 
property P„ so L has property P.. The case for iV is similar, so /(it) — dis established 
md the Lemma is proved. 

The following corollary is immediate. 

5. Corollary. IfM is locally compact, ^nfor every lumnegative integer n, 
has property P«, and A is an A-set cfM, tiiat 
(a) A has i^operty P.; 
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(b) if Z is a locaUy canpcKt subset of M that meets A and has property rAen 
A nz has property 

(c) ^A— SKJTisa iUvision cfA into closed sets each having property and 
L = S*,N = TU(A-S)*.thenM = LUNisa division cfM into closed sets having 
property P^. 

6. Thhorem. IfM is locally compact and n is an inici;cr s — 7, thenM has property 
P„ if and only if every cyclic element of M has property P„. 

Prook. If « = - I <ir /( = 0. the result is immediate, so we assume n > 0. If M has 
property P„. then from our Lemma, every cyclic element o\ M has property P„. Suppose 
that every cyclic element of A/ has property P„ and that M does not. Since M is 
connected and locally connected. M has property Py. Let n* be the first integer (/i* > 
0) such that M does not have property P„. . Then 0 < n* S n and Af has property P„.- 1 . 
Since every cyclic etement of M has property P„ , e vey cyclk dement of il# has property 
so ftom our Lenuna, M has property P.*, contrary to the definition of n*. The 
theoitm follows. 

The fcrflowing is trivial. 

7. Corollary. Every dendron has property P„ for every nonnegative integer n. 
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ON QUASiSlMlLARlTY FOR TOEFLITZ OPtRATORS 

BY 

K. SEDDIGHl 



Abstract. Indiisaitfcleiwgiveasufffeientoandhioaforquasitinu^ 

aulytic T(x:pli(7 operators to be unitarily equivalent. We abo lue a resuH 
of Deddcns and Wong to give a MitTn. icnt condition for an operator inter- 
twining two analytic Toeplitz operators to intertwine their inner parts too. 
Analytic Toeplitz openlor s with univalenl syiribolt Mtitfying a suitable 
nonnatizalioo that are quasisimilar are shown to have eqnal sjnnbob. 

1 . btrodnolioB. Let denote the Hilbert q»ce of functioos/analytic in die open 
unit disk D wliich satisfy supbsr<i / 1/( re") p ^0 < <». Let *be die space of bounded 
analytic functions on D, and for <p in //* let denote the opentor on H- defined by 
T^f - if f. The operator 7"^ is said to be an analytic Toeplitz operator, in this article we 
consider the following questions. If an operator intertwines two analytic Toeplitz 
operators docs it necessarily intertwine their inner parts too? Do quasisimilar analytic 
Toeplitz operators have equal essential spectra? Does quasisimilarity imply unitary 
equivalence? Although the study of Toeplitz operators has been extensive, little seems 
to be known dbout dieir quasisimilarity. Our purpose is to answer parts of die above 
questions. In paiticular, we give a sufficintt condition for an operator imertwining two 
analytic Toeplitz operators 10 intertwine their inner puts too. We abo give a sufficient 
condition for quasisimilarity to impl^ unitary equivalence. 

If % is a separable Hilbert qwce, let dft ( denote the Banach algebra of all bounded 
linear operators on ^. If and aie Hilbert spaces and X : %i Sil^ is a bounded 
operator having trivial kernel and dense range, then .V is said to be quasi-invertible. If 
/4|, A: are operators on K,. rt:. then A, is quasisimilar to AiiA^ ~ A2) if there are 
quasi-invertible operators X : it, ^f. and Y : M: —* satisfying XAi — A2X and 
AiY = YA2. If A^ and -4; are unitarily equivalent we write Ai = Ai. 

Raphael [8J has shown that quasisimilar cyclic subnormal operators have equal 
esseirtud qwctn. Williams [9] has shown diat quasisimihr quasmormal operator s Iwve 
equal essential spectra. However die equality of essential spectra under quasisimilarity 
for general subnormal operators is still open. We study die mtertwining operator s and 
suggest the pcit i ncK qu e iti o ns to be considered. 

A fhnction g ui is said to be inner if lim jgCre")! = 1 for almost every 0. A 
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function F in H' is outer it Tf. has dense range. Every 9 in /y" has a factorization 
^ gF where g is inner and F is outer [7]. 

An isomeiry TonH^ atipiire isometry if (1,% = {0}. For^ G //', r, is a 
pufe isometry if and only if ^ is a nonconstant inner function. Fm* an inner function g 
in /r we obtain the decomposition = Sr.o 0 g^(H^BgH^). If 
(n possibly ») is a basis for H^BgH^, tfien {tftg^lLM-i is ^ basis for H^^ and widi 

respect to this basis the matrix for Tj, has a block form with an (n by n) identity matrix 
on its subdiagonal. Also any X in the commutant {TgYofT^ has a lower triangular block 
form which is C(Mistant along its diagonals. We denote this X by the purely formal sum 
^„^^,X„Tl with ,Y„ on the nth subdiagonal. Throughout the rest of this paper we assume 
9, and if : arc in H' and have the inner-outer factorization <pi = gjFi (< = 1, 2) unless 
otherwise stated. 

2. QnwtisimilMity. The following simple lemma is essential to our purposes. 

Lemma 2. 1 For tp E let = gF be its inner-outer factorization. Then is 
Fredholm if and only if is Fredholm and Tp is invertibte. 

Prooh. If T,. is Fredholm and 7, is invertible then it readily follows that = T^Ty 
is Fredholm. On the other hand if A is Fredholm. then ker T* = ker T* is finite 
dimensional and since is an isometry it follows that is Fredholm. Because Tf = 
T*T^, it follows that TV is Fredholm. Hence 7> has closed range and therefore it is 
invertible. Q.E.D. 

We would like to point out dutt if <p = is die inner-outer factorization of <p tfien 

is Piedhdm if and only if g is a finite Blaschke product and F is inveitibte in H*. 
The index of Tg is the negative of the number of zeros of g counting multiplicity. 

Note that if 7^, - then T„ s 7,,. Indeed 7, ~ 7^, implies that tf^e.;',//' and 
H^QgzH' have the same dimension and we know that any two pure isometrics of the 
same multiplicity are unitarily equivalent. Therefore the inner parts are strongly related 
to each other. In the next lemma we investigate this property further. 

Lhmma 2 2 If X:H^-*H^ is an operator such that XT^^ = T^andXT,^ = 
then XTf, = 7>jX. 

Proof. Since X7,, = T^X, we hxvc XT^Jf, = Tg^Tf^X. Using the relation = 
Tft^ we get TgjXTf, = Tg^Tp^. Because 7^ is an isometiy, it foltows that XTf, = 
Tf^. Q.E.D. 

Remarks. Let 7^, ~ T^y If we can show that 7^, ~ 7^^ in such a way that the same 
quasi-invertible operators intertwining 7,, and 7^^ intertwine 7^, and Tg^ then 
Lemma 2.2 shows that 7^, ~ 7^,. Using a result of Clary [1] we conclude that 
<r(7f,) = a(rF,). Tlierefofe Tf, is invertible if and only if Tf^ is invertible. In other 
words, 7,, is Fredholm if and only if 7^ is Fredholm. 

Hie fdlowing lemma is a sli^t extension of Lemma 2 of [6] and will be used in die 
sequel. 
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Lemma 2.3. Let N, N' be m^fotent openaon on K, K' respectively and let Xq = 
X/jr + A^, JITo - X/r + A^' where k is a nonzero complex number. (fB, Aot 

Ai, .. . S'^(K,K') satisfi' 

(a) \\At\\ ^ M, /t = 0, 1, 2, . . . , and 

ib) A,Xo = x;,A,.t +B, ik= 1,2. 3 

Aen Aq = Ai = A2 — • • • • 

Proof. Write AT = 2;=, 0 AT/ (K' = 2:=, ® such that Xo(Xi) has a lower 
triangular operator-valued matrix with diagonal entries kl,ikl!) and mpcat the proof of 
Lemma 2 of [6]. Q.H.D. 

The next lemma says that the intertwining operator should be lower triangular. 

Lemma 2.4. Assume XT^, = and for 1= I, 2 iwite ff? = 2:.o g1(H^%gfl^) 
Uten X:H]-* Hlis lower triangular. 

Proof. It suffices to show diat X*:H\-* H] is upper triangular. Equivalendy we 
will show that X* maps the subspaoes » 2;.o ® g\{H^%gtH^) into the subspaces 

Mu = 2:.oe«I(//^eg,ff^). 

Now;i:r^ « implies Xr;*' = r^'X and hence X'rJ** ' = rJ"*'J!f*. ThusX* 
maps the kernel of J^'^ ' into the kernel of r*,'^ '. But 

ker rj"*' = ker rj"*'* HHg1*^H^ = M„ (/ = I, 2) 

Hence X is lower triangular. Q.E.D. 

Note that a necessary and sufficient condition for the relation XT^^ = T^^X to hold 
is that ://| h\ be c(mstant ak)ng its diagonals. Indeed writing T^^ (i- 1, 2) in its 
block fonn and carrying out tfie necessary conqwtations it follows tfiat X^^u - 
f ^ k Of \ f 2y • • • • 

Lemma 2.5. Assume is a bounded operator. If 

Tf^ = 2;.o TJl^ and T,, = f'J]^ where To = \I + N, T'o = X/' + A^' with N 
andN' nilpotent, then XT,, = T,,X. 

Proof. By Lemma 2.4 X is lower triangular. We will show thatX is constant along 
its diagonals by inductively proving that Xi.o = 11 = Xt^2.7 = . . • tor = 0, 1, 
2, .... We also remark that < for all A, / = 0, 1, 2, . . . . 

If 1 £y < j then the (ij) entry of {XT,^)T,, = TfAT,,X) is 

(2.6) Xij+iTo + Xij+2Ti + . . . + XijTi-j-t = T'i-j-iXj,j 

+ Tl-j-zXj^ij + . . . + ToXf-\j. 

If j = y + 1 then Xj^i,j^,To = ToXj.j and by Lemma 2.3 we obtain X0.0 - Xt,i - 
Xt,! = .... To i^ly inductiixi let us now assume that X,.o = X^-^ i.i - -^^+2.2 - • • • 
for all p £ ik. Setting 1 = y + It + 2 in (2.6) we get 

"~ X4i,oT\ — ... — Ao,o7a4.|]. 
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An application of Lemma 2.3 gives us Xt+ , 0 = i = • • and hence by induction 

A;i,o = ^»+M = • • . for all * = 0, 1, 2, Therefore XT^^ = T^^X. Q.E.D. 

The following theoreni is the main result of this section. The idea of die pioof is due 
to Deddens and Wong [6]. 

Theorem 2.7. Let <pi, 92 ^ "i //' with inner-outer factorization tp, = ^^F, (/ = I , 
2). Suppose Oiere isaXin^ such that gi factors as gng.i g,« and such tiiat Fi - 
X is divuible by each gij, thatisF,-k- fyhfjfor i = 1, 2 andj = 1, 2, . . . , «. // 
X:H]^Hlisa bounded operator such that XT^, = then XTg, = T^. 

Proof. Write Tp^ = 2;=o f...T^ (/ = 1 , 2). We will show that To., = \y, + where 
Ni is nilpotent (i = I, 2). Then Lenuna 2.5 implies that XT^, = Tg^X. 
For convenience set Tf, = Ti, T^.^ = and H] = Jd. Then T^^ = T-Ja . . . F^. Since 
is the restriction of 7* to 

^fiTgMi = ( JtiQTii Jti) © 7',i(3f,i9r,2<i)t,) 0 . . . ® r,i . . . rj„_i(3(,or,„3f,), 

it follows that 7*, is upper triangular and hence that r,, , is lower triangular. Let ( Tu.,),j 
be the compression of T,,. to Tn . . . Tij-tWTijMi). \if,g £ Mi^TijKi then since T, 
= X + we obtain 

TiiTnTn • • • Tij-\f) ~ (Tli^n • • • Tij-\)Tif = XT'nT'n . . . Tij-if 

+ 7*/|7'/2 . . . Tjj-iTijTti^^f. 

But (T„Th,Tn . . . Tjj^yf, TiiTa . . . Ty-ig) = 0, hence (To,i)jj = This shows that 
To., - X/, is nilpotent. Q.E.D. 

Corollary 2.8. Suppose (pi, 92 fl''^ in with inner-outer factorization (p, = g,F/ 
(/ = 1, 2). Ifg.iz) = (a - .-)"(! - U:)-" (i = 1, 2; /» > 0, la] < 1), = Fiia) 

and X :H- H' is a bounded operator such that XT',, = then XTg^ = 7"^. 

Proof. Factory, = g,,«,2 • • where g„(:) = (a - r)(l - az)"', i = I, 2 and 

y = 1,2 n. Then F, - \ is divisible by each gy, where X = Fiia). Applying 

Theorem 2.7 we obtain XT,, = Tg^X. Q.E.D. 

COROIXARY 2.9. Suppose % = z'Fi (1 = 1 , 2), F| (0) = Fi{Q) andXT^^ = T^. Then 

Even though the following result lodes like the uniqueness stalnnent in the Riemann 
miqiping tiheorem, we would like to point out that from the relation ~ it only 
fdkrws dnt die two sets <pi(D) and <P2(D) have the same closures and this does not 

convey any infomuttion about the equality of the two sets themselves. Also G = 91(D) 
being simply connected might not have the propoty that (G)** = G. Examples are ea^ 
to construct. 

PROPOSmoN 2.10. Let ipt G H' be univalent, ~ and assume the nor- 
maiization <pi(0) = 93(0), <pi(0) = 92(0) > 0 holds. Then 9, = 92. 
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Pftoop. Since dim (ker T^-k) - cKm 0^ "^t-k) = I or 0 for every X € ^ we 
conclude that die number of zeros <rf92-XinDis«t most 1. Hence ^ is univalent. 
Also XT,, = T^^X implies Xr,,-^,,o) = T^-^X. Let 9, - (p, (0) = zF, be the 
inner-outer factorizations. Since F|(0) = (p[(0) = 92(0) = F2(0)» by Corollary 2.9 we 
obtain = T.X. Hence X = * outer in Since XT^, = we conclude Uiat 
(piA = <p2/i, so <pi = <P2. 

3. Unitary Equivalence. In this section we consider the following problem, it two 
analytic Toeplitz operators are quasisimilar, must tbey be unitarily equivalent? The 
answer to this question is still unknown. However, ui oeitain qiecial cases an im- 
piovement is possible. For example, Conway [3] has shown diat if 5 is the unilateral 
shift of multiplicity one, 5-7, dien 5 a 7, (<p € H'). We use results of Conway ([2], 
[4, p. 220] and Oaiy [1]) to obtain an extension of a result of Cowen [5]. Note dud 
if u is an inner function, we say dut the order of u h n \( untk finite Blaschke product 
of order n; otherwise we say the order of u is infinity. For any operator A G ), 
let /'"(,4) denote the weak * closed subalgebra of :^( '^) generated by A. That is, /'''(A) 
is the weak * closure in ^(^) of the polynomials in A. 

Theorems.!. &^>poseipaml^artinH''€mdtiiavareimierfiinctioHsuandvsudi 
that />'(r,) = ^'(r.) and P^iT^) = P^m. Then thefiflhwing are eqnivaUnt: 

(c) there arefimctUms gin if and Wu W2 inner mcfc Aat 9 = g » n^i, 1)1 = ; « 
and <mler W| » order wj. 

Pr(K)F. (c ) implies (u) tbllows from Theorem I of [5], and (a) implies (Z?) is clearly 
true, so we only need to prove that (b) implies (t). 

By hypothesis, there are inner fimctioosif and v so diatl'*(7',) = P'iTJ and ^'(7*^) 
B P^(Tr). We will show dutt « and v have die same oider. Let n » order m and m = 
Older V. It is easy to see dutt /»-(r,) = P'iT,) = {r... E If*} and P'iT^) = P'(T,) 
= {T,,^ : g e fT). Let X and K be quasi-inveitible openlon such tint XT, - and 
YT^ = TJ. By a result of Conway [2] (see also [4. p. 220]) diere is an isometric 
bomorphism — ► P*iT^) having the following properties 

(1) ^(7,) = r,, 

(2) XA = F{A)X and YF(A ) = y4 K for every A in P^iT^h and 

(3) F is a weak * homeomorphism. 

Now F induces an algebra isomorphism ^.H'°u—*H^°v given by <P(g ° u) = 
A o V where T*., = F(Tg,J. Let iv « 4>(m) = <? ° v and ivb ■ ♦"'(v) » 4b * Sfaice 
^ is wedc* continuous we have V "> ^(wb) = ^(qo'>u) = 4b**M> = 4b**9*v. Because 
V is inner, we have 4^(4(2)) » z, z m D. Also w-q^v^q^ ^(n^) - 
q'>^iqo'*u) = qoqo' w. Mo reo ver sm ce T, r„, we have by a result of Oaiy [1], 
viT^) =» <r(rj Hence w(D) = 11(D) - D. Therefore - z, z m D. But 
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^(O) = ^(v(D)) = vv(0) = D and (yo(0) = D. Hence ^ is a Mobius transformation 
of D onto D and if is an inno* functkHi of order m. But r« ~ r,. implies dim 
(ker 7^ = dim (ker 7^). Thus order u = order w^son = m. 

Since € P*(7^). thoe is ; E such that <p = ; <> «. Since 4> is weak * continuous 
we have ^(9) = g • = g • w, but we have F(r,) = so *(<p) = Therefore, 
we have (p = g <> m and ^^gow where g E H' and order 11 - order w = n so the 
conclusicm follows with w^ = u and M'2 = w. 

Q.E.D. 
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THt DiRlCHLET PROBLEM WITH DENJOY-PERRON 
INTEGRABLE BOUNDARY CX)NDrnON 

BY 

M. BENEDICKS AND W. F. PFEFFER 
Dedicated to the mraiocy of Plofessor J. B. Diaz 

AasTRAcr. The Msson integral of a Denjoy-Peirm imegnble 

fund inn defined on the boundary of ;ui open disc is harmonic in this ilisc 
Moreover, almost everywhere on the boundary, the nontangential limits of 
die integral coincide with the boundary condftion. Thn extends 
result forLebesgue intcgrabic boundary conditions. B\ means of conformal 
maps, a generalization to domains bounded by a sufficiently snnooth Jordan 
curve is alao obtained. 

By R and C we shall denote the sets oS all real and complex nunrfjers, reflectively. 

We letD = {r e C:\z\ < 1} and T = {z e C:\:\ = I}. 

It is well known that a convolution of the Poisson kernel with a Lebesgue integrable 
turiLtion /" on 7" produces a harmonic function in D whose nontangential limits are equal 
to /almost ovcnwhc'tv on T (sec. e.g.. [II]. thm. IV. 1). By a limiting procedure this 
result can be extended to the ease when / has only an improper Lebesgue integral. While 
the idea of such an extension is straightlorward, the actual prool, which involves a 
switch of iteirated limits, is unpleasant. How to proceed when the singularities of / 
chister so that die improper Lebesgue integral does not exist (see later Example) is 
unclear. 

Since the Denjoy-Pemm integral (abbreviated as DP integral) gowralizes the im- 
proper Lebesgue integral and is, in fact, closed widi respect to the formation of 

improper integrals, it seems appropriate to consider functions which are DP integrable 
on T. We are obliged to J. B. Diaz for suggesting this to the second author. The second 
author is also obliged to A. K. Ly/zaik for sevetal stimuiatmg discussions. 

To convince the reader that using the DP integral is not extravagant, we briefly recall 
the Kurzweil and Hcnstock definition (sec [7j and which shows that the DP 
integral is only a very natural generalization of the classical Rieniann integral. 

A partitum of an intorval [a, 6] C i? is a set 

such tfiata - 16< ...<t„- b^andtj-i^jj^tj fory - 1, . . . , n. If 6 is a strictly 
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positive function on [a, b]^ we say that the partition {ib> • • • • ^; T|, . . . , t,} of [a, b] 
isb-fineMiheatyettj — tj-i <ti'rj){orj = I, . . . A function/: [a, is called 

DP integrable if there is a real number J^fit) dt such tiiat given e > 0, we can find 
a positive function d on [a,^] with 



< € 



for each ft-line pamtion {Iq, .... /„; T|, . . . , t„} of 

Basic properties of the DP integral are derived from the above definition in [8]. They 
mclude die relationship between die DP and Lebesgue integrals, and also the equiv- 
alence of the Kurzweil-HoistDck and Perron defmitions of die DP integral. 

Since DP integrable functions are in genual not absolutely integrable, die usual 
maximai fiinctum approach to die Dirichlet problem (see [S], ChpL 2, Sec. 3) cannot 
be applied. However, following the proof of ([! I], Thm. IV. 1), which essentially goes 
back to Fatou. we show that a judicious use of integration by parts for the DP integral 
(see [9j for a simple proof) yields a result completely analogous to the classical one. 
The critical property we employ is that almost everywhere the derivative of an 
indefinite DP integral exists and equals the integrand (see [lOj, Chpt. Vi, Thm. (6. 1)). 

The usefulness of our mult is illustrated by an example of a DP integrable function 
which appears unmanageable widiin the limits of Lebesgue int^ration. 

Throu^KNit this pqier, integrability always means DP integrability, and all integrals 
are DP integrals. A function/: r-» R is called uitegrable if die mtegral /*«/(«'*) d6 
exists. 

The Poisson kernel is die positive fimction 

/>,«) = ^- ' - 



1 - 2r cos f + 



defined for 0 < r < 1 and / £ R. Instead of {dJbt)FAt) we shall write P'M)- We note 
that by associating P(z) = Pr{t) to each z re" in we can define a map 
P:D-*R. 

Proposition 1. Let f:T—>Rbean integrable function. Then the integral 

«(re") = J P,(e - t)f{e") dt 

adsts for each (r« 0) E [0, 1) x J?, and the function u is harmonic in D. 

Proof. For / e R, let F(i) = /',/(«'*) d6. Integrating by parts (see [9]), we see 
that the Poisson integral defming the functiim u exists, and that 

ii(re'») = P,(e - ir)F(ir) + /' /»;(e - f)F(l) dr. 

-IT 

Now F is a continuous function, and Prand/'^areliarmonic in D. Hence the proposition 
follows by differentiation under die int^ral sign (note diat diis is die Lebesgue 
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intpgral). 

For the remainder of this note, we shall assume that f:T-*R is an integnble 
function. For (r.i) € [0, 1) x J? we let 

Fit) = I'ne ") de 

•'0 

P*/(r.«'*)= r Pri9 - one") dt. 

•'-It 

Proposition 2. Ui % ^ [-ir, ir] ^ i«c/i //w/ F'M =/(e "^). //m = P*/, then 

ii(r*'«)-»/(e'*) 

whenever r — * 1 — , onrf fft^rf is a c> 0 such that |e - Ool < r( I - r). 

Proof. It suffices to pane the special case of/(e'^) = Bq = 0; for this yields the 
general result when applied to the function 

8(2) = fize'^) - fie'*'). 

By the continuity of F, 

M = sup {|F(0|:|/| ^ it) < + 30. 
Choose c > 0, c> 0» and let 

r\ - €(5A# + c + 1)-'. 

As F'(0) = 0, there is a 5 6 (0. tt/I) such that \F{i)\ < T)\t\ for each t G [-8.6]. 
Find a p E (0, 1) so that c(l - p) ^ 8/2 and Pr(t) ^ t] whenever p < r < I and 
5/2 < \t\ ^ v. We show that if p :s r < 1 and |e| ^ c(l - r), then \uire'*)\ ^ c. 
Let p £ r < 1 and |0| £ c(l — r) ^ S/2. An integration by parts yields 

\uire'*)\ * \PriB - ir)F(ir) - /»,(e + ir)F(-ir) + /' P'riB - f)F(/) drl 

s 2Mii + A# f |p;(e - ol df + Ti [' \p;i9 - /)/| di. 

•'»ss|»|s» J-* 

Obsemng diat P;(i)8in I ^ 0, we shall estimate each int^ial separately. Since 
P'ri-t) = -P'rit), both integrals are even functions of 6, and hence it suffices to 
estumate them for 6 ^ 0. Given 6 ^ 0, we have 

f |/>;(e - /)! dt = r /»;(e - /) d/ + [ " V;(e - /> d/ 

- f * P'riB - 0 di = F^CO - ir) + 2P,(ir) 

- /'AO - 8) - Pri^ + IT) - /'AQ + 8) ^ 3t|, 

and siniilarly 
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[ \p'rid - t)t d/| = f p'ri^ - t)t di - fV;(e - t)t dt 

+ j P'A^ - i)t(it = 20PM - bP,{0 + b) - bP,{B - 8) 
+ I Pr(ii - t)dt- f V,(e -t)dt+ I PAB - t) dt 

< 2BPM + r PriB - Odf = - + 1 ^ c + I; 

for 1 + r < 2, and 6 < t (l - r). Combining the previous estimates, we see that 

|ii(re")| ^ i]{5M + c + 1) = €, 

and the proposition is proved. 

The convergence «(re'') -*fie'^) described in Proposition 2 is usually refened to 
as nonumgential cmvergence. Using ([10], Chpt. VI, Thm. (6.1)), we can summarize 
our results. 

Theorem \. Iff is a DP integrable function on T, then P*fis harmonic in D, and 
it converges nontangentiaUy to f almost everywhere in T. 

EXAMFLb. Let / - (a,b) with a,b E. R and a b. Set 

if r € /, and F,(t) = 0 if / e /? - /. Then the finite derivative FKt) exists for each 
/ E i?, and it is easy to see that Fi is not Lebesgue integrable over / (though, the 
improper Lebesgue integral exists). 

Let iC be a Cantor discontinuum in the interval [— ir,ir], and let /«, n = 1,2,..., 
be tfie connected components of (— ir, it) - K. As 

\F,U)\ < (r - a)Ht - b)\ 

it is not difficult to check that the lunction /•" = 2*. , F, has a finite derivative F' . Now 
define/: / — * R by setting /(r) = F'(arg z) for each z E T. Then /is DP integrable, 
and F(t) = /(?'") de for each l G R (see [8], Thm. A.,). Consequently, P*f is 
a harmonic function in D whose ixHitangential limits are equal to / everywhere in T. 

However,/(e") is not Lebesgue integrable m any open interval cmtaining points of 
K. In particular, f(e") does not have an improper Lebesgue integral over [— ir, ir]. 

RjMAKK 1 . FoUowmg our proofs, it is easy to verify that Theorem 1 holds for each 
function f.T—> R for which we can fmd a bounded measurable function F with 
F'iO =f{e") foralmostallr E [-ir.ir]. Indeed, we only need to define/**/ in the 
distributkm sense, i.e., by setting 

P*fire'*) = PriB - ir)F(ir) + f P'r(B - t)Fit) dt 
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for each re'^ E D. This, of course, links with the standard fact of harmonic analysis 
ttiat Hhe convolution of P and a tcmpesod distribution is haimonic in D, However, it is 
die important feature of DP integrable functions tfrat die convolution F«/can be 
defined directly. 

Using conformal maps. Theorem 1 can be extended to more gennal domains. We 
shiril describe diis next. 

As usual, we say that a map7 : 7— ♦ C is of class ^'•*,0<€^ 1, if it has a derivative 
which is Lipschitz of order e (see [3], Sec. 5.1). 

Let li be a Jordan domain ot class €' i.e., a bounded open subset ol (, whose 
boundary rill is a Jordan curve of class '(;' ', and let 7:|(),(/ ] itLl be a counter- 
clockwise parametrization of dil by arclength. A function f .dil — » /? is called 
integrable if the integral £f[y{s)] ds exists. By ([8], Coroll. A6), the integrability of 
/ does not depend on the parametrization y of dO. 

By the Riemann mapfnng dieorem and die Caratheodoiy extensim diecHem (see 
[11], Thm. IX.2), diere is a homeomorpbism U O U d(l such diat <^(r) 
= BSi and <(> is conformal in D. Each such homeomorpbism is called a Riemann map. 

Theorem 2. Let be a Jordan domain of class \ lei f be a DP integrable 
fimctum <m dfl. and let^iDKJ r-» €i\JdSibea Riemann map. Then f°^isaDP 
integrable function on T. Moreover, [P* (/» <> <^~' » harmonic in O. and it 
converges ntmtangentiaUy to f almost everywhere in dO. 

Prook. Let "y:[0,uj ^ c*ll be a counter-clockwise parametrization of by 
arclength such diat 7(0) = 7(a) = <})(- 1 ). By Kellog's dieorem (see [1 1], Thm. 1X.7), 
the derivative ^' can be extended continuously ftom D to D U T, and diis extension 
(also denoted by <(»') is nowhere equal to zero. Letting 



we have y[s(t)\ = fweach / e [-ir.irj. The change of variable theorem (see 
[8J, CorolL A6) yields 



and so/o ^'W\ is integrable. The integrability of /<> <j> is now a consequence of the 
following claim. 

Claim. The function ^\e") is absolutely continuous in [-ir.irj. 

Indeed, as |<J>'| > 0 is continuous in D U 7, the claim implies diat |<t)'(e'")|"' has 
a finite variation in [-ir, ir]. By die Proposition in [9j, diis guarantees the integrability 
of 
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fo^ = [/o(|,.|4,'|].|<),'|-'. 

Now giving the obvious meaning to "nontangential convergence" and "almost 
everywhere" in dLl, and using the conformity of (|>, Theorem 2 follows from 
Theorem I . 

It remains to establish the claim. 

Proof of the Claim. For |z| ^ 1, let 

G(z) = log <|)'(r) = ii(z) + /v(z) 

where m(z) = log |<J)'(z)|, and viz) = arg (j>'(z) = -/ log (4)'(z))/(l4>'(-)|). If 
g(t) = v(e"), / e [-ir.ir], then by [3], Sec. I.I, 

v(re'») = r ^,(6 - t)8(t) dt 

fot each z = re'* in D. By differentiating the equation 

y[s(t)] = 

t e [-IT, it], we obtain 

l'{s(t)VW{e'')\ = iV'<t>'(€"), 

and hence 

g(0 - -/ log {-/f"7'[5(/)]}. 

Since 7 is of class % ' ' and = |({)'(f'")| is bounded, we see that g is Lipschitz of 
order 1 . In particular, g has a bounded derivative g' almost everywhere in [— ir, irj. For 
2 = rc'* in D, we have 

<l>"(2) a 



dO 



«(z) + i [ FXe - /)^(/) dr 

~ii(z) + i|''^/>,(e-/)«'(o df. 



As g' is essentially bounded, 

wire'') = r P,(e - Og'(Odf 

is bounded in D, and hence w is of Hardy class hTCt^ (for the definition of Haidy*8 
classes, we refer to [3], Sec. I.l). An application of M. Riesz' theorem (see [3], 
Thm. 4.1) shows that G\ and hence = ^'G' is in Hardy class C H\ Now the 
claim f<rilows from [3], Thm. 3.11. 
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R£MARK 2. If the function /is Lebesgue integrable on dSl, then it is easy to see that 
Theocem2lK>lds whenever ills a Jordan d(miain of class Recently, it was shown 
in [1], [2], and by a difieient mednxl in [4], that * can be relaxed to V 
(i.e., continuously differentiable boundary with no Upsdiitz conditions imposed) if 
1/)^ is Ldbcsgae impgnble on dfi for some p > 1. If /is merely DP inl^;raUe, tins 
generality is not possible for the following reason: a function which is Lipschitz of order 
€ < 1 may be of infinite variation, and hence its product with a OP integrable function 
need not be DP integrable. 

Remark 3. If dft is only piecewbe^^-* it is not difficuh to show that Hieorem 2 
still holds provided O is loadfy convex at each comer of dfi. The same condition must 
be imposed even if die function/ is Lebesgue inlegrd>le on dft. 
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STRUCTURE OF CERTAIN PERIODIC RINGS 

HV 

HAZAR ABU-KHUZAM AND ADIL YAQUB 

Abstract. Let /? be a periodic ring. A' the set of nilpotents, and D the 
set of right zero divisors of R. Suppose that ( / ) is commutitive. and (ii) 
every v in R can be tniiqueh w ritten in the t'orni or = ? + «. where e' = 
e and u E N. Then N is an ideal m R and R/N is a Boolean ring. It (/) is 
satisfied but (ii) is now assumed to hold merely for those elements xGD, 

and if I G /?. then A' is still an ideal in R and R/N is a subdircei sum of 
fields. It is further shown thai if (/) is satisfied but (ii) is replaced by: 
"every right zero divisor is eitho' nilpolent or idempolent,** and if I E J?, 
then N b still an ideal in it and R/N is eidier a Boolean ring or a field. 

Throughout. A' denotes the set of nilpotents and D denotes the set of right zero 
divisors of R. The ring R is called pcnoJic il lor every x in R, there exist distinct 
positive inlegns m = mix), n = n{x) such that jt" = x*. A Bootean rii^ is trivially 
a periodic ring with commuting nilpotents and, of ooufse, eveiy x'mR can be uniquely 
written as a sum of an iden^tent and a nilpotent. That these pn^ioties are not confined 
just to Boolean rings can be seen by considering die ring of integers, modulo 4. In 
Theorem 1 below, we show that a periodic ring R with the above properties, while not 
necessarily Boolean, is the next best thing to being Boolean in the sense that its factor 
ring R / N \s indeed Boolean (and hence a subdirect sum of copies of GF(2)). Next, we 
consider a periodic ring R with identity I and with commuting nilpotents such that every 
right zero divisor .v can be uniquely written in the form v = e + a. where e- = e and 
a G N. Here again A' turns out to be an ideal in R bui R/N is now a subdirect sum of 
(not necessarily identical) fields. On the other hand, if we replace the last hypothesis 
above by "every right zeto divisor is eidier nilpotent or idempotent," then N is still an 
ideal in i? and R/N is now necessarily a Boolean ring or a field. 

We begin diis note with the following 

Theorem 1 . Let R be a periodic ring {not necessarily with identity). Suppose that ( /) 
N is commutative, and (ii) every xinR am be uniquely written in the form x = eo + 
Oot where el^eo and Oo^N. Then Nisan ideal in R, and R/N is Boolean (and hence 
a subdirect sum of copies of GF(2)). In fact, R is commMitive. 

Proof. Lcte' = e R, x E R, and ktf = e + ex - exe. Then /- = /. Moreover, 
since 

/ = e + (ex — exe); ex — exe G N; 
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and 

/ = /+0, 

it follows from («) that ex - exe = 0, and hence ex = exe. Similarly, xe = exe, and 
thus 

(1) All idempotents <tf R are ocnml. 

Combining (1) witti hypotfieses (ii) and (i), we see tfiat R is commutative and hence 
is an ideal in i?. LetxER. By (it), 

or = eo + flo; ^0 = ^0, oo G A^, 
and hence x + N i& iden^xMent. Thus, R/N is Boolean. 

Theorem 2. Let R be a periodic ring with identity 1. Suppose that (i) N is commu- 
tative, (ii) every xE D cm be uniquely written in thefinm x = e + where e^ = 
eandaBN.TIienNisanidetdinRtoidR/Nisisimunphictoawbdirectmnitffields. 

Proof. Let » e € i?, jc E J?, and let/= e + ex- exe. Uf= 1, then ex = exe. 
Now, suppose/^ 1. Then,/* = I, and henoe/e D. Since 

f = e + a, where a = ejc — ej;^ £ A^; 

and 

/ = /+0, 

it follows from that u - 0 (since /G D), and thus ex = tut?. Similarly, xe - exe^ 
and hence 

(2) All ide mp ot en t s are c«itral. 

Let jr E i?. Since J? is periodic, x" = x* for some int^en m > it ^ 1, and hence 
j^iM-nKi uieiiqiotent. Theref<xc, by (2), for aU y in I?, 

(3) [jc*"-"'", y] = 0 

where [u, v] = uv - vu. A well known Theorem of Herstein [2] asserts that (3) implies 
that the commutator ideal of R is nil and hence the nilpotents N oi R form an ideal in 
R. Also, since jc'" = jr", for some polynomial E Z[\J, 

(jc"-"*' - jr)" = (jc""*' - jc)jt*-'j(jc) = 0 
and hence jr*""*' - jcE^, m>iiSl. Thus, 

(4) (jr + ^)'"-"*' = X + yV; m - n + I > 1, jc E /?. 

By a well known theorem of Jacobson [3], (4) implies that R/N is & subdirect sum of 
fields. 

Theorem 3. Let R be a periodic ring with identity I . Suppose that (i) N is commu- 
tative, and ( //) even' x in D is either idempotent or nilpotent. Then N isan ideal cff R, 
and R/N is either Boolean or afield. 

PIROOP. Soppowjc E R,x^D. Suioei? is periodic, let jr" = x", m > n ^ 1. Then 
(x^-' - l)jc" = 0. Since jr ^ D, x*"" - 1 = 0, and hence by (ii). 
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(5) For every x in i?, x is nilpotent or idempotent or a unit. 

Claim A. If a ^ N and e is an idempoteni, then ae E. N and ea G N. 

Proof. Since N is commutative, we have 

(6) iV is a subring of R. 

Let a G iV and = e. Then ae — eae G A/, and hence by (/) we iiave {ae — eae)a 
= a(ae — eae). So 

(7) Ilea — eaeci = a'e — aeae. 

Multiplying (7) by e from left and right we get ea'e = eaeae. So (eae)^ = 
eaeeae = ea'e. Hence we have shown that 

(8) (eae)^ = ea^e for every a E 
and every idempotent e in R. 

If (eae)''^ = ea-'e, then (eae)'' ' = {_ea' e)' — ea''^ e (by (8)). The above 
induction shows that 



for all positive integers n. 

Since a N, (9) implies that eae E A'. But ac - eae G ^V, and hence, by (6), we 
get ae E yV. Similarly, ea G A'. This proves Claim A. 

(Xaim B. LetaEN and x be a unit in R. Then axE.N and xa G N. 

Proof. Su[^)ose ax^N. Then 

(10) ax =^ xa. 

Also, ax is not a unit in R (since a is nilpotent and x is inveitible). So ax is idenqxMent, 
by (S), and hence axax - ox. So 

(11) axa = a (since x is invertible). 

Now, 1 + X ^ iV, since a(l + x) (x + l)a and ^ u commutative. If (1 + x)' = 
1 + X, dien x^ = -x. So x = -1, which contradicts (10). Hence (1 + x) is not 
idenqmtmt, and since 1 + x ^ A^, we get from (S) that 

(12) 1 + X is a unit in J?. 

Since ax^N/it follows that a(l + x) = a + ox ^ /V. Clearly, by (12), a(l + x) 
is not a unit in R, and hence a(l + x) is idempotent, by (5). Thus, (a + ax)' = a + 
ax. So a' + a-.x + axa + (axY = a + ax. Using (11) and (ax)' — ax we get 
a-(I + X) = 0. Then (12) implies that 

(13) a^ = 0. 

Since a E N and jc 'ax G A^, therefcxe, by (/) and (11), a(x~'ax) = (x~'ax)a =» 
x'\axa) = x"'a. Hoice 

(14) ax"'ax = x"'a. 

Multiplying ( 14) by a from the left, and using (13) we get ax~'a - 0. Then ( 14) impliea 
that x~'a = 0. Hence a = 0, which contradicts (10). Therefore, ax E JV. Similariy, 
xa E and Claim B is proved. 



(9) 



eaey = ea' e 
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Now wecancooipletBthepioofofTheoiemS. Oeatly, since iV is commutative, the 
product of two nilpotent elements is nilpotent. So it follows from (5) and Claims A and 
B that /Vis an ideal of i?. 

Let jc + be any nonzero right zero divis<w in R/N. Then {y¥ N)-{x N) — N, 
x^N.y^N. Ttius yx -i- N = N.aad bcncc 

(15) yxBN, x^N, y^N. 

Note diatx is not a unit; otherwise, y^N (see (IS)). Thus, by (5) jc is idempotent and 

hence (x + N)- = x- + N = x + N. This shows that 

(16) Every right zero divisor of R/N is idempotent. 
Moreover, by (5), we see that 

(17) Every jc + /V in R/N is idempotent or a unit in R/N. 

Claim C. If R/N has an idempotent d^erent from N and I + N, then R/N is 
Boolean. 

Proof. Let (/+ iV)' =/+ iV;/f N;f-\^ N. Suppose « + iV is not idempotent. 
Then, by (17), m + is a unit fai R/N and, of course, it + ^ ^ 1 + ^. Note that 
(f+ N)(u + JV) is not a unit in R/N; otherwise,/ + N would be a unit in R/N. Hence, 
by (17), 

(18) (f + N)(u + N) is idempotent. 

Now, since R/N is periodic and has no nonzero nilpolents, 1^ a well known theorem 
of Horstein [1], R/N is commutative. Combining diis with (18), we see diat 

(/ + N){u + N) = {(/ + N)iu + N)y =fu^ + N 

and hence fiu — /r) + A' = A'. But m + A' is a unit and hence / ( I - ii) N = N. 
Thus, (1 - m) + A' is a right zero divisor (since / £ A^), and hence by (16). (I - u) 
+ A' is idempotent. Thus, u' + N = u + N and hence u + N = 1 + A', a contradiction. 
This contradiction proves Claim C. Combining (17), Claim C, and the fact that R/N 
is commutative, the dieorem follows. 

In conchision , we would lilte to ejqpiess our inddMedness and gratitude to the referee 
for his helpful comments and valuable suggestions. 
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THE FIBRE OF THE DOUBLE SUSPENSION IS AN H-SPACE 

BY 

PAUL SELiCK 

Abstract. In this paper we show that the huniutopy-theoretic fibie of 
the double suspenskNi map £':S^~' -» il^S^** is an H-space. 

1. IntradnctkNi. Let C(r) denote the hoinou^y-tfieoretic fibre of die double sus- 
pension map : ' Sl^S^* ' . The goal of this paper is the proof of the following 
theorem. 

Theorem 1.1. C(r) is an H-space for all n. 

This lends support to Mahowald s conjecture that C"(//) is a loop space for all n and 
perhaps even double loop space. U n - I, the theorem is trivial since C{\) — il^iS\ 
so from now on we will assume n > 1. The only other integers for which S^~^ is an 
H-space are n = 2 and it = 4, but even in diese cases is not an H-mq>. However, 
if we invert the prime 2, then 5^"~ ' becomes an H-space and E^ becomes an H-mi^ for 
all n so the theorem has content only at the prime 2. Thus fiom now on we will assume 
all spaces and maps to be localized at 2. 

The proof is based on Sugawara's criterion [9] that a space X is an H-space if and 
only it the canonical map a: A"— > ^SX has a retraction up to homotopy. Wc construct 
a map r : ilSCin) —> C(n) and prove that r induces an isomorphism on ht)motopy in 
degree 4n - 3 (the least non-vanishing degree). We then conclude the proof by 
appealing to the following theorem which is proved in Section 3. 

Theorem 3.1. Let f:C(n) — * C{n) he such that f induces an isomorphism on 
Hi„ y(C(n); Z/2Z), n > J. Then f is a homotopy equivalence. (Recall that we have 
localized at 2.) 

The idea that it is useful in homotopy theoiy to show that certain spaces have this 

property (that any self-map which induces an isomoiphism on the lowest non-vanishing 
homotopy group must be a homotopy equivalence) is due to Fred Cohen. It was first 
introduced into the literature by Cohen, Moore and Neisendorler in [6] where the 
property was given the name "atomic". The fact that C(/i) is atomic for /i > 1 is 
certainly well known to all the authors of [3]. The proof given in Section 3 is a 
straightfnward applicatira of the ideas used by Q)hen and Mahowald in [5]. 

Received by the editors February 10, 1984, and, in revised fonn, April 11, 1984. 
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Remark. Fred Cohen has shown timtC( I) is also alimuc at the prime 2 but the pioof 
is more difficult in ifais case. 
The foct that C(2) is an H-space also follows fixxn the decomposition 

n-SM2} « n'5'<3> X C(2) 

recently proved by Fred Cohen, where ^{2} denotes the homotopy-theoretic fibre of the 
squaring map on the H-space A" and 5 ' (3) denotes the 3-connectivc cover of S\ In fact, 
Fred Cohen and the author have recently shown that 

ft'S»{2} « C(2) X ftC(4) 

which shows tfiat C(2) is a homotopy abelian H-space. However, it is shown in [3] that 
a deoonqN>siti(m of this form will not be possible for aibitraiy n. 

2. Proof of the main theorem. In this sectit)n. we give the proot of the main 
theorem modulo some atomicity statements contained in Section 3. Throughout this 
section, /i > 1 and all spaces and maps have been localized at 2. 

Let j denote die hpmotopy c^ass of the inchision of the fibre into the total space of 
die fibiation C(n)-4 S**"'-^ £i^S^*\ The double adjomt of is S^j:S^C(n) 
-»5^'^' so5V»0. Lettf:a5X-*aS(X AX) denote the second Hopf-invariant map. 
By nahirality of die Hopf-invariant nu^, we have a homotopy commutative diagram 

aSC(n) n5(C(n) A C(n)) 



1^ 



nsj 



in which die bottom line is James* EHP fibration sequence [7 J. We can factory A j as 
(Ijb-i A j) o 0' A lc(„))' The first of diese is null honnotopic because n > 1 and 
5V » 0 and soy A J » 0. Thus ClSj lifts to a map X : SlSC{n) 5^~' such duit 
£ o X « aSj. Now £^ <» X = ft£ • £ • X « fl£ • nS; = fl(£ • Sj) and £ « 5/ is die 
adjoint of the null homotopic map £^ <> y. So £' » X 0 and thus X lifts to a map 
r : ClSC{n) -»> C(n) such that y ° r X. Theorem 1.1 follows inunediately from the 
following dieoran and The<wem 3.1. 



Theorem 2. 1 . r induces an ismnorphism on ir4„. 



3- 



Proof, l.et (x.Cin) — * QSC{n) denote the canonical map. From James' HHP 
fibration sequence, we obtain a principal fibration (i-.^'*" ' S'"~ ' — '-* US'". Let 
(}) : iVS^" ' X 5-""' S**"' denote the action of the fibre on the total space in this 
principal fibration. Because EoX^a — E°j, there exists d : C(/i ) -* il'S*" ' such that 
<|> o (</, X o a) »y. However ir4»-3(C(/i))) s Z/2Zand ir4.-3(0'S**-') = Z,2, and so 
d induces zoo mi ir4R-3. Thus X#ot# = y# on ir4«.3. 

Case 1. n 2 or 4. 

In diis case the nuip y# : ir4«-3(C(it)) ir4»-3(5^~') is a monomorphism (die 
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iKMizeio elonent going to [12, - 1 , i'2„ - ■ ]) and so fnxn the fact that y# r« a# = A.# u« - 
we can conclude that r#a# — I and so r induces an isomorphism on ir4«-3. 

Case 2. n = 2or4. 

In these Hopf-invariant 1 cases, y# = Oon 'ir4„- ; so we must argue differently. Since 
n = 2 or 4, £ : 5^"' ' ^ US'" has a retraction. Thus the fact that£<»>«>roa=*£o 
X • o =* £ » 7 implies that j ^ r ° a — j. 

Case 2a. n = 4. 

Frwn Toda*s computations [10], the portion of the long exact homotopy sequence 



Zg^Za ^Z,®Z2-* ir,7(C(4))-^Z8®Z2-5L_L_^28®Z2. 

Thus TT|7(C(4)) = Z2 and y# ; 7T|7(C(4)) ^ tt|7(5^) is a monomorphism. So / ° r ° a = 
7 implies that r# ° a# is the identity tti7(C(4)). But then /•# is an isomorphism on ttij 
since if r# is zero on 1T13 we get a contradiction by letting A — r « a in Corollary 3.4. 

Case 2b. n = 2. 

From Toda's oxnputations, we have that 

178(5') ^ Train's') ir7(C(2)) ^ 117(5') ^ ir7(ft'55) 

is 

Zi Z2 ir7(C(2)) Z2 Zi. 

Thus iT7(C(2)) has 4 elements and : tt7(C(2))— » 117(5') is onto. The inclusion ;:5' 
U2 e*' C(2) induces an isomorphism in degree 7 for connectivity reasons so we see 
that ir7(C(2)) ^ ^T^{S^ Uz e'') = Z4. Since j ° r ° a = j. we get ° a# - iil where 
u = 1 or 3 and / denotes the identity. But then r^a^ — 1 cannot be an isomorphism so 
we must have r# nonzero <hi its since r# = 0 on ifs would i^iun contradict Corollaiy 
3.4 widi * - r * a. CD 

3. Atomicity of C(n). Throughout this section, /i > 1, all spaces and maps are 
assumed to have been localized at 2, and all homology is understood to be with Z/2Z 
coefficients. 

Theorem 3.1. Let f :C(n) C{n) be such that f induces an isomorphism on 
H^a-ACin)). Then f is a homotopy equivalence. 

Proof. From the defining fibration of C(«), we get an induced map 0 : ft^S^* ' -* 
C{n) which induces a surjection or homology. Let x denote the nonzero element of 
Hz^-iiil^S^"'*). Then 
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/y^(a'5-" ') = z/2z[le, . . . e, . . . Qz^i^o] 



as a Hopf algebra, witii die gene ra to r s primitive, where Qi denotes a Dyer-Lashof 
operation written in lower notation. Let a(j, k) = 9^{Qi ... Qi Qi Qix). Then 

* ■ V I 

J k 

H^{C(n)) s Z/2Z[{ajt}ij,t)^io,oi] as a ooalgebra with tiie gmerators primitive. From 
the Nishida rehOions die actions of 5^^ and Sq\ are given by 







0 


J - I 


- 0 


= 0, it > I 


0 




- 1) 




0 


j= \,k^0 


- 1)^ 


j = 0,k^2 


0 





Sq'a(j,k) 



If/fails to induce an isomoq)hism on homotopy, let A' be the least dimension in which 
it fails to do so. Let F be the homotopy-fibre of the canonical map from C(n) to the 
infinite mapping-telescope lim C{n). Proceeding as in [6] or [8], we see that F is 

(N - 1 )-connected and that there is a map U2' e ^ * ' -» F for some r such that the 
composite 

isamonomofphi8mindegreesA^,A^+ l.Thusinff^(C(ii)),wehaveapeirofnon-zen> 
homdogy classes > and z in consecutive dimension N,N + I sudi diat 

(1) > and z are primitive, 

(2) p*"z = y for some r. 

(3) > E ker Sq^ for all r. and z E ker 5^^ for all r ^ 1. 

By inspection of the action of Sq^^. and Sq^^ tihe only possibilities are y = a(l, 0) = 
^JQ^x), 1 = a(0, 1) = e^CCzJc) or else y = a(l, 0)- = e^{^o^,.r). = a(2, 0) = 
Q^iQ\Qtx). By hypothesis /induces an isomorphism in degree 4/? - 3 so that we 
cannot have y = 8^(^|.v). Therefore to prove the theorem it suffices to prove the 
following Lemma which shows that degree 8/1 — 6 is also not the least nonvanishing 
degree. 

Lbmma 3.2. Under the hypothesis of Theorem 3.I,f^i9^iQoQtx)) = B^iQoQix). 

Proof. For ease of notation, we will suppress 0^ and ne^ throughout this pioof. 

Consider nf-.ClCin) nC(n) and let h' E fi'^-"" ') denote the nonzero 

elennent. Since /^(QiJf) = Q\X, commutativity with Sq^ forces /^(^jx) = ^:.v. Thus 
we must have Slf^iQiW) = Q^w. Since Q/is an H-map, diis ftxces (iif^KQoQiW) 
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= Qi^jw and commutativity with Sq^ now ftjices n/^(j2i(23w) ^ QiQjw. Applying 
Sq\ now gives iilf)^iQiQ2w) = and so applying the homology suspension 

gives /,(goGiJc) = QoQix as desired. □ 
This conchides die pfooftfaatCCn) is atomic. In Section 2, we also made use of die 
following extenison of this result to handle die cases n = 2 and n - 4. 

Theorem 3.3. Let g : nC(it) —*■ ClC(n) be such that g induces an isomorphism on 
H4K-4(C(n)). Then g is a homotopy equivalence. 

Proof. The proof is similar to that of Theorem 3. 1 but is slightly more tedious, it 
will be left as an exercise. □ 

Corollary 3.4. Let h :C{n)-^ C( n ) he such thath induces zero on H^.iC(n)). 
Then h§ - I is an isomorphism on Tr,/or all q. 

Proof. Apply Hieorem 3.3 widi g = (n/t)(lnc(i,))"' in [ftC(«), nc(/i)]. □ 

Remark 1. To obtain as much of Ccwollaiy 3.4 as is needed in Section 2, one need 
only dennonstrate that g, satisfying the hypotfieses of Thecw«m 3.3, induces an iso- 
morphism on homology duough Hxii ) when n = 4 and duough^gC ) when n = 2. The 
n s: 4 case is a complete triviality since after //i3(ftC(4)) die next lowest nonvanishing 
homology group is HuiO,C{Ay) and die /i = 2 case is not that much harder. 

Remark 2. Theorem 3.1 actually follows from Theorem 3.3 by letting g = ilf. 
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